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Abstract
Under the general hypotheses of locality, smoothness of interac-
tions in the coupling constant, Poincare´ invariance, Lorentz covari-
ance, and preservation of the number of derivatives on each field, we
investigate the cross-couplings of one or several spin-two fields to a
massless p-form. Two complementary cases arise. The first case is re-
lated to the standard interactions from General Relativity, but the sec-
ond case describes a new, special type of couplings in D = p+2 space-
time dimensions, which break the PT-invariance. Nevertheless, no
consistent, indirect cross-interactions among different gravitons with
a positively defined metric in internal space can be constructed.
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1 Introduction
Theories involving one or several spin-two fields have raised a constant inter-
est over the last thirty years, especially at the level of direct or intermediated
graviton interactions [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18].
In this context more results on the impossibility of consistent cross-couplings
among different gravitons have been obtained, either without other fields [14]
or in the presence of a scalar field [14], a Dirac spinor [15], or respectively
of a massive Rarita-Schwinger field [16]. All these no-go results have been
deduced under some specific hypotheses, always including the preservation of
the derivative order of each field equation with respect to its free limit (deriva-
tive order assumption). Through their implications, these findings support
the common belief that the only consistent interactions in graviton theories
require a single spin-two field and are subject to the standard prescriptions
of General Relativity (meaning diffeomorphisms for the gauge transforma-
tions of the graviton and diffeomorphism algebra for the gauge algebra of the
interacting theory). This idea is also strengthened by the confirmation of the
uniqueness of Einstein-Hilbert action [14] having the Pauli-Fierz model as its
free limit or the uniqueness of N = 1, D = 4 SUGRA action [17] allowing
for a Pauli-Fierz field and a massless Rarita-Schwinger spinor as the corre-
sponding uncoupled limit. Indirect arguments are thus presented in favour
of ruling out N > 8 extended supergravity theories since they require more
than one spin-two field. It is nevertheless known that the relaxation of the
derivative order condition may lead to exotic couplings for one or a collection
of spin-two fields [18], which are no longer mastered by General Relativity.
Our paper submits to the same topic, of constructing spin-two field(s)
couplings, initially in the presence of a massless vector field and then of a
p-form, with p > 1. We employ a systematic approach to the construction
of interactions in gauge theories [19, 20, 21], based on the cohomological
reformulation of Lagrangian BRST symmetry [22, 23, 24, 25, 26]. In this
approach interactions result from the analysis of consistent deformations of
the generator of the Lagrangian BRST symmetry (known as the solution of
the master equation) by means of specific cohomological techniques, rely-
ing on local BRST cohomology [27, 28]. The emerging deformations, and
hence also the interactions, are constructed under the general hypotheses of
locality, smoothness in the coupling constant, Poincare´ invariance, Lorentz
covariance, and derivative order assumption. In this specific situation the
derivative order assumption requires that the interaction vertices contain at
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most two spacetime derivatives of the fields, but does not restrict the poly-
nomial order in the undifferentiated fields either in the Lagrangian or in the
gauge symmetries. Our analysis envisages three steps, which introduce grad-
ually the situations under investigation, according to the complexity of their
cohomological content.
Initially, we consider the case of couplings between a single Pauli-Fierz
field [29, 30] and a massless vector field. In this setting we compute the
coupling terms to order two in the coupling constant k and find two distinct
solutions. The first solution leads to the full cross-coupling Lagrangian in all
D > 2
L(int)I = −
1
4
√−ggµνgρλF¯µρF¯νλ + k
(
q1δ
D
3 ε
µ1µ2µ3 V¯µ1F¯µ2µ3
+q2δ
D
5 ε
µ1µ2µ3µ4µ5 V¯µ1F¯µ2µ3F¯µ4µ5
)
,
which respects the standard rules of General Relativity. The second solution
is more unusual: it ‘lives’ only in D = 3, produces polynomials of order
two in the coupling constant (and not series, like in the first case), and the
the couplings are mixing-component terms that can be written in terms of a
deformed field strength (of the massless vector-field) as
L(int)II = −
1
4
F ′µνF ′µν , F
′
µν = Fµν + 2kεµνρ∂
[θh
ρ]
θ.
By contrast to General Relativity, where all the gauge symmetries are de-
formed, here only those of the vector field are modified by terms of order
one in the coupling constant that involve the Pauli-Fierz gauge parameters,
while the spin-two field keeps its original gauge symmetries, namely the lin-
earized version of diffeomorphisms. To our knowledge, this is the first situ-
ation where the linearized version of the spin-two field allows for non-trivial
couplings, other than those subject to General Relativity, which fulfill all the
working hypotheses, including that on the derivative order.
Next, we focus on the investigation of cross-interactions among different
gravitons intermediated by a massless vector field. In view of this, we start
from a finite sum of Pauli-Fierz actions with a positively defined metric
in internal space and a massless vector field. The cohomological analysis
reveals again two cases. The former is related to the standard graviton-
vector field interactions from General Relativity and exhibits no consistent
cross-interactions among different gravitons (with a positively defined metric
in internal space) in the presence of a massless vector field. At most one
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graviton can be coupled to the vector field via a Lagrangian similar to L(int)I ,
while each of the other spin-two fields may interact only with itself through
an Einstein-Hilbert action with a cosmological term. The latter case seems
to describe some new type of couplings in D = 3, which appear to allow for
cross-couplings among different gravitons. The coupled Lagrangian is, like
in the case of a single graviton, a polynomial of order two in the coupling
constant, obtained by deforming the vector field strength
Lˆ(int)II = −
1
4
Fˆ µνFˆµν , Fˆ
µν = F µν + 2kεµνρ
n∑
A=1
(
yA3 ∂[θh
A θ
ρ]
)
,
where yA3 are some arbitrary, nonvanishing real constants. Nevertheless, these
cross-couplings can be decoupled through an orthogonal, linear transforma-
tion of the spin-two fields, in terms of which Lˆ(int)II becomes nothing but L(int)II ,
with hµν replaced for instance by the first transformed spin-two field from the
collection. In consequence, these case also leads to no indirect cross-couplings
between different gravitons.
Then, we show that all the new results obtained in the case a massless
vector field can be generalized to an arbitrary p-form. More precisely, if one
starts from a free action describing an Abelian p-form and a single Pauli-Fierz
field, then it is possible to construct some new deformations in D = p+2 that
are consistent to all orders in the coupling constant and are not subject to the
rules of General Relativity. It is important to remark that all the working
hypotheses, including the derivative order assumption, are fulfilled. There are
several physical consequences of these couplings, such as the appearance of a
constant linearized scalar curvature if one allows for a cosmological term or
the modification of the initial (p+ 1)-order conservation law for the p-form by
terms containing the spin-two field. Regarding a collection of spin-two fields,
we find that the deformed Lagrangian does not allow for cross-couplings
between different gravitons intermediated by a p-form, either in the setting
of General Relativity or in the special, (p+ 2)-dimensional situation.
This paper is organized in seven sections. In Section 2 we construct the
BRST symmetry of a free model with a single Pauli-Fierz field and one mass-
less vector field. Section 3 briefly addresses the deformation procedure based
on the BRST symmetry. In Sections 4 and 5 we compute the deformations
corresponding to a vector field and one or respectively several spin-two fields,
and emphasize the Lagrangian formulation of the resulting theories. Section
6 discusses the generalization of the previous results to the case of couplings
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between one or several gravitons and an arbitrary p-form gauge field. Section
7 ends the paper with the main conclusions.
2 BRST symmetry of the free model
Our starting point is represented by a free Lagrangian action, written as
the sum between the linearized Hilbert-Einstein action (also known as the
Pauli-Fierz action) and Maxwell’s action in D > 2 spacetime dimensions
SL0 [hµν , Vµ] =
∫
dDx
[
−1
2
(∂µhνρ) ∂
µhνρ + (∂µh
µρ) ∂νhνρ
− (∂µh) ∂νhνµ + 1
2
(∂µh) ∂
µh− 1
4
FµνF
µν
]
(1)
≡
∫
dDx
(
L(PF)0 + L(vect)0
)
.
The restriction D > 2 is required by the spin-two field action, which is known
to reduce to a total derivative in D = 2. Throughout the paper we work with
the flat metric of ‘mostly plus’ signature, σµν = (−+ . . .+). In the above h
denotes the trace of the Pauli-Fierz field, h = σµνh
µν , and Fµν represents the
Abelian field-strength of the massless vector field (Fµν ≡ ∂[µVν]). The theory
described by action (1) possesses an Abelian and irreducible generating set
of gauge transformations
δǫhµν = ∂(µǫν), δǫVµ = ∂µǫ, (2)
with ǫµ and ǫ bosonic gauge parameters. The notation [µ . . . ν] (or (µ . . . ν))
signifies antisymmetry (or symmetry) with respect to all indices between
brackets without normalization factors (i.e., the independent terms appear
only once and are not multiplied by overall numerical factors).
In order to construct the BRST symmetry for action (1), it is necessary
to introduce the field/ghost and antifield spectra
Φα0 = (hµν , Vµ), Φ
∗
α0
= (h∗µν , V ∗µ), (3)
ηα1 = (ηµ, η), η
∗α1 = (η∗µ, η∗). (4)
The fermionic ghosts ηα1 are associated with the gauge parameters ǫα1 =
{ǫµ, ǫ} respectively and the star variables represent the antifields of the corre-
sponding fields/ghosts. (According to the standard rule of the BRSTmethod,
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the Grassmann parity of a given antifield is opposite to that of the corre-
sponding field/ghost.) Since the gauge generators are field-independent and
irreducible, it follows that the BRST differential decomposes into
s = δ + γ, (5)
where δ is the Koszul-Tate differential and γ denotes the exterior longitudinal
derivative. The Koszul-Tate differential is graded in terms of the antighost
number (agh, agh (δ) = −1, agh (γ) = 0) and enforces a resolution of the
algebra of smooth functions defined on the stationary surface of field equa-
tions for action (1), C∞ (Σ), Σ : δSL0 /δΦ
α0 = 0. The exterior longitudinal
derivative is graded in terms of the pure ghost number (pgh, pgh (γ) = 1,
pgh (δ) = 0) and is correlated with the original gauge symmetry via its coho-
mology in pure ghost number zero computed in C∞ (Σ), which is isomorphic
to the algebra of physical observables for this free theory. These two degrees
of the BRST generators are valued as
agh(Φα0) = agh(ηα1) = 0, agh(Φ
∗
α0
) = 1, agh(η∗α1) = 2, (6)
pgh(Φα0) = 0, pgh(ηα1) = 1, pgh(Φ
∗
α0
) = pgh(η∗α1) = 0. (7)
The overall degree that grades the BRST complex is named ghost number
(gh) and is defined like the difference between the pure ghost number and
the antighost number, such that gh (s) = gh (δ) = gh (γ) = 1. The actions
of the operators δ and γ (taken to act as right differentials) on the BRST
generators read as
δh∗µν = 2Hµν , δV ∗µ = −∂νF νµ, (8)
δη∗µ = −2∂νh∗νµ, δη∗ = −∂µV ∗µ, (9)
δΦα0 = 0, δηα1 = 0, (10)
γΦ∗α0 = 0, γη
∗α1 = 0, (11)
γhµν = ∂(µην), γVµ = ∂µη, (12)
γηµ = 0, γη = 0. (13)
In the above Hµν is the linearized Einstein tensor
Hµν = Kµν − 1
2
σµνK, (14)
withKµν andK the linearized Ricci tensor and the linearized scalar curvature
respectively, both obtained from the linearized Riemann tensor
Kµν|αβ = −1
2
(∂µ∂αhνβ + ∂ν∂βhµα − ∂ν∂αhµβ − ∂µ∂βhνα), (15)
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from its trace and double trace respectively
Kµα = σ
νβKµν|αβ , K = σ
µασνβKµν|αβ . (16)
The BRST differential is known to have a canonical action in a structure
named antibracket and denoted by the symbol (, ) (s· = (·, S¯)), which is
obtained by considering the fields/ghosts conjugated respectively to the cor-
responding antifields. The generator of the BRST symmetry is a bosonic
functional of ghost number zero, which is solution to the classical master
equation
(
S¯, S¯
)
= 0. The full solution to the master equation for the free
model under study reads as
S¯ = SL0 [hµν , Vµ] +
∫
dDx
(
h∗µν∂(µην) + V
∗µ∂µη
)
(17)
and encodes all the information on the gauge structure of the theory (1)–(2).
3 Brief review of the deformation procedure
We begin with a “free” gauge theory, described by a Lagrangian action
SL0 [Φ
α0 ], invariant under some gauge transformations δǫΦ
α0 = Z¯α0α1ǫ
α1 , i.e.
δSL0
δΦα0
Z¯α0α1 = 0, and consider the problem of constructing consistent interac-
tions among the fields Φα0 such that the couplings preserve the field spectrum
and the original number of gauge symmetries. This matter is addressed by
means of reformulating the problem of constructing consistent interactions as
a deformation problem of the solution to the master equation corresponding
to the “free” theory [19, 20, 21]. Such a reformulation is possible due to the
fact that the solution to the master equation contains all the information on
the gauge structure of the theory. If an interacting gauge theory can be con-
sistently constructed, then the solution S¯ to the master equation associated
with the “free” theory,
(
S¯, S¯
)
= 0, can be deformed into a solution S
S¯ → S = S¯ + kS1 + k2S2 + · · · = S¯ + k
∫
dDx a+ k2
∫
dDx b+ · · · (18)
of the master equation for the deformed theory
(S, S) = 0, (19)
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such that both the ghost and antifield spectra of the initial theory are pre-
served. The projection of equation (19) on the various orders in the coupling
constant k leads to the equivalent tower of equations(
S¯, S¯
)
= 0, (20)
2
(
S1, S¯
)
= 0, (21)
2
(
S2, S¯
)
+ (S1, S1) = 0, (22)
...
Equation (20) is fulfilled by hypothesis. The next equation requires that the
first-order deformation of the solution to the master equation, S1, is a co-cycle
of the “free” BRST differential s, sS1 = 0. However, only cohomologically
nontrivial solutions to (21) should be taken into account, since the BRST-
exact ones can be eliminated by some (in general nonlinear) field redefinitions.
This means that S1 pertains to the ghost number zero cohomological space of
s, H0 (s), which is nonempty because it is isomorphic to the space of physical
observables of the “free” theory. It has been shown (by of the triviality of the
antibracket map in the cohomology of the BRST differential) that there are
no obstructions in finding solutions to the remaining equations, namely (22),
etc. However, the resulting interactions may be nonlocal and there might
even appear obstructions if one insists on their locality. The analysis of these
obstructions can be done with the help of cohomological techniques.
4 Consistent interactions between the spin-
two field and a massless vector field
4.1 Standard material: basic cohomologies
The aim of this section is to investigate the cross-couplings that can be
introduced between the spin-two field and a massless vector field. This mat-
ter is addressed in the context of the antifield-BRST deformation procedure
described in the above and relies on computing the solutions to equations
(21)–(22), etc., with the help of the BRST cohomology of the free theory.
The deformations are obtained under the following (reasonable) assump-
tions: smoothness in the deformation parameter, locality, Lorentz covariance,
Poincare´ invariance, and the presence of at most two derivatives in the cou-
pled Lagrangian. ‘Smoothness in the deformation parameter’ refers to the
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fact that the deformed solution to the master equation, (18), is smooth in
the coupling constant k and reduces to the original solution, (17), in the free
limit k = 0. The hypothesis on the deformed theory to be Poincare´ invari-
ant means that one does not allow an explicit dependence on the spacetime
coordinates into the deformed solution to the master equation. The require-
ment concerning the maximum number of derivatives allowed to enter the
deformed Lagrangian is frequently imposed in the literature; for instance,
see the case of couplings between the Pauli-Fierz and the massless Rarita-
Schwinger fields [17] or of cross-interactions for a collection of Pauli-Fierz
fields [14]. If we make the notation S1 =
∫
dDx a, then equation (21), which
controls the first-order deformation, takes the local form
sa = ∂µm
µ, gh (a) = 0, ε (a) = 0, (23)
for some local current mµ. It shows that the nonintegrated density of the
first-order deformation pertains to the local cohomology of the free BRST
differential in ghost number zero, a ∈ H0 (s|d), where d denotes the exterior
spacetime differential. The solution to (23) is unique up to s-exact pieces
plus divergences
a→ a + sb+ ∂µnµ, (24)
with gh (b) = −1, ε (b) = 1, gh (nµ) = 0, and ε (nµ) = 0. At the same time, if
the general solution of (23) is found to be completely trivial, a = sb+ ∂µn
µ,
then it can be made to vanish, a = 0.
In order to analyze equation (23) we develop a according to the antighost
number
a =
I∑
i=0
ai, agh (ai) = i, gh (ai) = 0, ε (ai) = 0, (25)
and assume, without loss of generality, that decomposition (25) stops at some
finite value of I. This can be shown for instance like in Appendix A of [14].
Replacing decomposition (25) into (23) and projecting it on the various values
of the antighost number by means of (5), we obtain that (23) is equivalent
with the tower of equations
γaI = ∂µm
µ
I , (26)
δaI + γaI−1 = ∂µm
µ
I−1, (27)
δai + γai−1 = ∂µm
µ
i−1, 1 ≤ i ≤ I − 1, (28)
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where (mµi )i=0,I are some local currents, with agh (m
µ
i ) = i. Moreover, ac-
cording to the general result from [14] in the absence of collection indices,
equation (26) can be replaced in strictly positive antighost numbers by
γaI = 0, I > 0. (29)
Due to the second-order nilpotency of γ (γ2 = 0), the solution to (29) is
unique up to γ-exact contributions
aI → aI + γbI , agh (bI) = I, pgh (bI) = I − 1, ε (bI) = 1. (30)
Meanwhile, if it turns out that aI reduces to γ-exact terms, aI = γbI , then it
can be made to vanish, aI = 0. In other words, the nontriviality of the first-
order deformation a is translated at its highest antighost number component
into the requirement that aI ∈ HI (γ), where HI (γ) denotes the cohomology
of the exterior longitudinal derivative γ in pure ghost number equal to I. So,
in order to solve equation (23) (equivalent with (29) and (27)–(28)), we need
to compute the cohomology of γ, H (γ), and, as it will be made clear below,
also the local cohomology of δ, H (δ|d).
Using the results on the cohomology of γ in the Pauli-Fierz sector [14] as
well as definitions (11)–(13), we can state that H (γ) is generated on the one
hand by Φ∗α0 , η
∗α1 , Fµν , and Kµναβ, together with their spacetime derivatives
and, on the other hand, by the undifferentiated ghosts η and ηµ as well as by
their antisymmetric first-order derivatives ∂[µην]. (The spacetime derivatives
of η are γ-exact, in agreement with the latter definition from (12), and the
same is valid for the derivatives of ηµ of order two and higher.) So, the
most general (and nontrivial) solution to (29) can be written, up to γ-exact
contributions, as
aI = αI([Fµν ], [Kµνρλ], [Φ
∗
α0
], [η∗α1 ])eI(η, ηµ, ∂[µην]), (31)
where the notation f ([q]) means that f depends on q and its derivatives up
to a finite order, while eI denotes the elements of a basis in the space of
polynomials with pure ghost number I in η, ηµ, and ∂[µην]. The objects αI
(obviously nontrivial in H0 (γ)) were taken to have a finite antighost number
and a bounded number of derivatives, and therefore they are polynomials
in the antifields, in the linearized Riemann tensor Kµναβ , and in the field-
strength Fµν as well as in their subsequent derivatives. They are required to
fulfill the property agh (αI) = I in order to ensure that the ghost number of
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aI is equal to zero. Due to their γ-closeness, γαI = 0, and to their polynomial
character, αI will be called invariant polynomials. In antighost number zero
the invariant polynomials are polynomials in the linearized Riemann tensor,
in the field-strength of the Abelian field, and in their derivatives. The result
that one can replace equation (26) with (29) is a consequence of the triviality
of the cohomology of the exterior spacetime differential in the space of in-
variant polynomials in strictly positive antighost numbers. For more details,
see subsection A.1 from [14].
Inserting (31) in (27), we obtain that a necessary (but not sufficient)
condition for the existence of (nontrivial) solutions aI−1 is that the invariant
polynomials αI are (nontrivial) objects from the local cohomology of the
Koszul-Tate differential H (δ|d) in antighost number I > 0 and in pure ghost
number zero
δαI = ∂µj
µ
I−1, agh
(
jµI−1
)
= I − 1, pgh (jµI−1) = 0. (32)
We recall that the local cohomology H (δ|d) is completely trivial in both
strictly positive antighost and pure ghost numbers (for instance, see Theorem
5.4 from [27] and also [28]). Using the fact that the Cauchy order of the free
theory under study is equal to two, the general results from [27] and [28],
according to which the local cohomology of the Koszul-Tate differential in
pure ghost number zero is trivial in antighost numbers strictly greater than
its Cauchy order, ensure that
HJ (δ|d) = 0, J > 2, (33)
where HJ (δ|d) denotes the local cohomology of the Koszul-Tate differential
in antighost number J and in pure ghost number zero. It can be shown
that any invariant polynomial that is trivial in HJ (δ|d) with J ≥ 2 can
be taken to be trivial also in H invJ (δ|d). (H invJ (δ|d) denotes the invariant
characteristic cohomology in antighost number J — the local cohomology of
the Koszul-Tate differential in the space of invariant polynomials.) Thus:
(αJ = δbJ+1 + ∂µc
µ
J , agh (αJ) = J ≥ 2)⇒ αJ = δβJ+1 + ∂µγµJ , (34)
with both βJ+1 and γ
µ
J invariant polynomials. Results (34) and (33) yield the
conclusion that the invariant characteristic cohomology is trivial in antighost
numbers strictly greater than two
H invJ (δ|d) = 0, J > 2. (35)
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By proceeding in the same manner like in [14] and [31], it can be proved that
the spaces H2 (δ|d) and H inv2 (δ|d) are spanned by
H2 (δ|d) , H inv2 (δ|d) : (η∗, η∗µ) . (36)
In contrast to the groups (HJ (δ|d))J≥2 and
(
H invJ (δ|d)
)
J≥2
, which are finite-
dimensional, the cohomology H1 (δ|d) in pure ghost number zero, known to
be related to global symmetries and ordinary conservation laws, is infinite-
dimensional since the theory is free. Fortunately, it will not be needed in the
sequel.
The previous results onH (δ|d) andH inv (δ|d) in strictly positive antighost
numbers are important because they control the obstructions of removing the
antifields from the first-order deformation. Based on formulas (33)–(35), one
can eliminate all the pieces of antighost number strictly greater than two
from the nonintegrated density of the first-order deformation by adding only
trivial terms. Consequently, one can take (without loss of nontrivial objects)
I ≤ 2 into the decomposition (25). (The proof of this statement can be
realized like in subsection A.3 from [14].) In addition, the last representative
reads as in (31), where the invariant polynomial is necessarily a nontrivial
object from H inv2 (δ|d) if I = 2 and from H1 (δ|d) if I = 1 respectively.
4.2 Computation of first-order deformations
Assuming I = 2, the nonintegrated density of the first-order deformation
(25) becomes
a = a0 + a1 + a2. (37)
We can further decompose a in a natural manner as
a = a(PF) + a(int) + a(vect), (38)
where a(PF) contains only fields/ghosts/antifields from the Pauli-Fierz sector,
a(int) mixes both fields, and a(vect) involves only the vector field sector. The
component a(PF) is completely known [14] and satisfies by itself an equation
of the type (23). It admits a decomposition similar to (37)
a(PF) = a
(PF)
0 + a
(PF)
1 + a
(PF)
2 , (39)
where
a
(PF)
2 =
f
2
η∗µην∂[µην], (40)
12
a
(PF)
1 = fh
∗µρ
(
(∂ρη
ν) hµν − ην∂[µhν]ρ
)
, (41)
and a
(PF)
0 is the cubic vertex of the Einstein-Hilbert Lagrangian multiplied
by a real constant f plus a cosmological term1
a
(PF)
0 = fa
(EH−cubic)
0 − 2Λh, (42)
with Λ the cosmological constant. Due to the fact that a(int) and a(vect)
contain different sorts of fields, it follows that they are subject to two separate
equations
sa(vect) = ∂µm
(vect)µ, (43)
sa(int) = ∂µm
(int)µ, (44)
for some local mµ’s. It is known (for instance, see [32]) that the general
solution to (43) reduces to its component of antighost number zero and reads
as
a(vect) = a
(vect)
0 =
∑
j>0
qjδ
D
2j+1ε
µ1µ2µ3...µ2jµ2j+1Vµ1Fµ2µ3 . . . Fµ2jµ2j+1 , (45)
with qj some real constants. Selecting from (45) only the terms with maxi-
mum two spacetime derivatives, we conclude that we must ask qj = 0 for all
j > 2, so
a(vect) = a
(vect)
0 = q1δ
D
3 ε
µνλVµFνλ + q2δ
D
5 ε
µνλαβVµFνλFαβ. (46)
The notation δDm signifies the Kronecker symbol. In the sequel we analyze
the general solution to equation (44).
Due to (37) we should consider that the general solution to (44) stops
at antighost number two, a(int) = a
(int)
0 + a
(int)
1 + a
(int)
2 . Equation (44) is
equivalent to the fact that the components of a(int) are subject to equations
(29) and (27)–(28) with I = 2 and a replaced by a(int). It can be shown that
1The terms a
(PF)
2 and a
(PF)
1 given in (40) and (41) differ from those present in [14]
(in the absence of collection indices) by a γ-exact and respectively a δ-exact contribution.
However, the difference between our a
(PF)
2 + a
(PF)
1 and that from [14] is a s-exact modulo d
quantity. The associated a
(PF)
0 is nevertheless the same in both formulations. As a conse-
quence, a(PF) and the first-order deformation from [14] belong to the same cohomological
class from H0 (s|d).
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there exist no such solutions ending at antighost number two. For the sake of
simplicity, we omit the proof of this result, which is mainly based on showing
that there is no nontrivial a
(int)
2 yielding a consistent a
(int)
0 . In view of this
finding, we approach the next situation, where the solution to (44) stops at
antighost number one
a(int) = a
(int)
0 + a
(int)
1 , (47)
such that the components on the right-hand side of (47) are subject to the
equations
γa
(int)
1 = 0, (48)
δa
(int)
1 + γa
(int)
0 = ∂µm
(int)µ
0 . (49)
In agreement with (31) for I = 1 and the discussion from the end of subsec-
tion 4.1, the general solution to (48) is (up to trivial, γ-exact contributions)
a
(int)
1 = α1η + α1µη
µ + α1µν∂
[µην], (50)
where α1, α1µ, and α1µν are nontrivial invariant polynomials from H1 (δ|d)
(but not necessarily from H inv1 (δ|d)) in order to produce a consistent a(int)0 .
Because they are nontrivial invariant polynomials of antighost number one,
we can always assume that they are linear in the undifferentiated antifields
V ∗µ and h∗µν , such that (50) becomes
a
(int)
1 = V
∗µ
(
Mµη +Mµνη
ν +Mµνρ∂
[νηρ]
)
+h∗µν
(
Nµνη +Nµνρη
ρ +Nµνρλ∂
[ρηλ]
)
, (51)
where all the coefficients, denoted by M or N , must be γ-closed quantities,
and therefore they may depend on Fµν , Kµα|νβ, and their derivatives. In
addition, these tensors are subject to the symmetry/antisymmetry properties
Mµνρ = −Mµρν , Nµν = Nνµ, (52)
Nµνρ = Nνµρ, Nµνρλ = Nνµρλ = −Nµνλρ. (53)
At this point we recall the hypothesis on the derivative order of the deformed
Lagrangian, which imposes that a
(int)
0 as solution to (49) contains at most two
spacetime derivatives of the fields. Then, relation (51), equation (49), and
definitions (8)–(13) yield the following results: A. none of the M- or N -type
tensors entering (51) are allowed to depend on Kµα|νβ or its derivatives; B.
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Mµνρ and Nµνρλ cannot involve either Fµν or its derivatives, and therefore
they are nonderivative, constant tensors; C. the tensors Mµ, Mµν , Nµν , and
Nµνρ may depend on Fµν (and not on its derivatives), but only in a linear
manner. These results are synthesized by the formulas
Mµ = Cµ + CµνρF
νρ, Mµν = Cµν + CµνρλF
ρλ, (54)
Nµν = Dµν +DµνρλF
ρλ, Nµνρ = Dµνρ +DµνρλσF
λσ, (55)
Mµνρ = C¯µνρ, Nµνρλ = D¯µνρλ, (56)
where the quantities denoted by C, C¯, D, or D¯ are nonderivative, constant
tensors, subject to some symmetry/antisymmetry properties such that (52)
and (53) are fulfilled. Since we work in D > 2 spacetime dimensions, the
only choice that complies with the above mentioned properties and leads to
consistent cross-couplings between the Pauli-Fierz field and the vector field
is2
Cµ = 0, Cµνρ = 0, Cµν = y1σµν , (57)
Cµνρλ =
p
2
(σµρσνλ − σµλσνρ) , (58)
Dµν = y2σµν , Dµνρλ = Dµνρ = D¯µνρλ = 0, (59)
Dµνρλσ = 0, C¯µνρ = y3δ
D
3 εµνρ. (60)
Substituting (57)–(60) in (54)–(56) and the resulting expressions in (51), we
obtain
a
(int)
1 = y1V
∗ληλ + y2h
∗η + y3δ
D
3 εµνρV
∗µ∂[νηρ] + pV ∗µFµνη
ν , (61)
where h∗ = h∗µνσµν . Acting with δ on (61), we infer
δa
(int)
1 = γ
[
− (D − 2) y2V λ∂[µh µλ] − y3δD3 εµνρF λµ∂[νhρ]λ
2Strictly speaking, there is a nonvanishing solution Cµνρ = zδ
D
3 εµνρ, which adds to
a
(int)
1 the term zδ
D
3 εµνρV
∗µF νρη. Even if consistent, this term would lead to selfinterac-
tions in the Maxwell sector. However, a
(int)
1 is restricted by hypothesis to provide only
cross-couplings between the Pauli-Fierz field and the electromagnetic field, so this term
must be removed from this context by setting z = 0. Apparently, there are two more pos-
sibilities, Cµνρλ = z
′δD4 εµνρλ and Dµνρλσ = z
′′δD3 σµνερλσ , which add to a
(int)
1 the terms
(z′′δD3 εµνρh
∗Fµν − z′δD4 εµνρλV ∗µF νλ)ηρ. They are not eligible to enter a(int)1 since the
corresponding invariant polynomial, z′′δD3 εµνρh
∗Fµν−z′δD4 εµνρλV ∗µF νλ, does not belong
to H1 (δ|d), such that they cannot lead to consistent pieces in a(int)0 unless z′ = 0 = z′′.
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−p
2
(
F αµF νµ hαν +
1
4
F αµFαµh
)]
+ ∂αu
α
+δ
{
[y1 + (D − 2) y2]V ∗ληλ
}
. (62)
Comparing (62) with (49) and observing that (61) already contains a term
of the type V ∗ληλ, it follows that a
(int)
1 is consistent at antighost number zero
if and only if
y1 + (D − 2) y2 = 0. (63)
Replacing (63) into (61) and (62), we get finally
a
(int)
1 = y2
[
h∗η − (D − 2)V ∗ληλ
]
+ y3δ
D
3 εµνρV
∗µ∂[νηρ] + pV ∗µFµνη
ν , (64)
a
(int)
0 = (D − 2) y2V λ∂[µh µλ] + y3δD3 εµνρF λµ∂[νhρ]λ
+
p
2
(
F αµF νµ hαν +
1
4
F αµFαµh
)
+ a¯
(int)
0 , (65)
where a¯
(int)
0 is the general solution to the homogeneous equation
γa¯
(int)
0 = ∂µm¯
(int)µ. (66)
Such solutions correspond to a¯
(int)
1 = 0 and thus they cannot deform either
the gauge algebra or the gauge transformations, but only the Lagrangian at
order one in the coupling constant. There are two main types of solutions to
(66). The first one corresponds to m¯(int)µ = 0 and is given by gauge-invariant,
nonintegrated densities constructed from the original fields and their space-
time derivatives. According to (31) for both pure ghost and antighost num-
bers equal to zero, they are given by a¯
(int)′
0 = a¯
(int)′
0
(
[Fµν ] ,
[
Kµα|νβ
])
, up to
the conditions that they describe true cross-couplings between the two types
of fields and cannot be written in a divergence-like form. Unfortunately,
this type of solutions must depend simultaneously at least on the linearized
Riemann tensor and on the Abelian field strength in order to provide cross-
couplings, so they would lead to terms with at least three derivatives in the
deformed Lagrangian. By virtue of the derivative order assumption, they
must be discarded by setting a¯
(int)′
0 = 0. The second kind of solutions is
associated with m¯(int)µ 6= 0 in (66), being understood that we maintain the
requirements on a¯
(int)
0 to contain maximum two derivatives of the fields and to
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describe cross-couplings. In order to simplify the presentation, we omit the
technical aspects regarding the analysis of these solutions. The main result
is that, without loss of generality, we can take a¯
(int)
0 = 0 in (65). Very briefly,
we mention that the procedure used for obtaining this result relies on decom-
posing a¯
(int)
0 along the number of derivatives, a¯
(int)
0 = ω0 + ω1 + ω2, where ωi
contains exactly i derivatives of the fields. As a consequence, equation (66)
becomes equivalent to three independent equations, one for each component.
The terms ω0 and respectively ω1 are ruled out because they cannot produce
cross-couplings. As for ω2, it requires the existence of a nonderivative, real,
constant tensor Cµα|νβ;σ, which displays the generalized symmetry properties
of the Riemann tensor with respect to its first four indices and is simultane-
ously antisymmetric in its last three indices. Since there are no such tensors
in any D ≥ 3 spacetime dimension, we must discard ω2, which finally leaves
us with a¯
(int)
0 = 0.
Replacing (64), (65), and a¯
(int)
0 = 0 in (47), we obtain the concrete form of
the general solution a(int) to (44). We can still remove certain trivial, s-exact
modulo d terms from the resulting a(int). Indeed, we have that
a(int) = a′(int) + s
[
−p
(
η∗V µηµ +
1
2
V ∗µV νhµν
)]
+ ∂µt
µ, (67)
such that, in agreement with the discussion made in the beginning of this
section, we can work with
a′(int) = a(int) + s
[
p
(
η∗V µηµ +
1
2
V ∗µV νhµν
)]
− ∂µtµ
≡ y2
[
h∗η + (D − 2)
(
−V ∗ληλ + V λ∂[µh µλ]
)]
+y3δ
D
3 εµνρ
(
V ∗µ∂[νηρ] + F λµ∂[νh
ρ]
λ
)
+ p [η∗ηµ∂
µη
−1
2
V ∗µ
(
V ν∂[µην] + 2 (∂νVµ) η
ν − hµν∂νη
)
+
1
8
F µν
(
2∂[µ
(
hν]ρV
ρ
)
+ Fµνh− 4Fµρhρ ν
)]
(68)
instead of a(int).
In view of the results (39), (46), and (68) we conclude that the most gen-
eral, nontrivial first-order deformation of the solution to the master equation
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corresponding to action (1) and to its gauge transformations (2), which com-
plies with all the working hypotheses, is expressed by
S1 = S
(PF)
1 + S
(int)
1 , (69)
where
S
(PF)
1 ≡
∫
dDx a(PF) =
∫
dDx
(
a
(PF)
2 + a
(PF)
1 + a
(PF)
0
)
, (70)
and
S
(int)
1 =
∫
dDx
(
a′(int) + a(vect)
)
≡
∫
dDx
{
y2
[
h∗η + (D − 2)
(
−V ∗ληλ + V λ∂[µh µλ]
)]
+y3δ
D
3 εµνρ
(
V ∗µ∂[νηρ] + F λµ∂[νh
ρ]
λ
)
+ p [η∗ηµ∂
µη
−1
2
V ∗µ
(
V ν∂[µην] + 2 (∂νVµ) η
ν − hµν∂νη
)
+
1
8
F µν
(
2∂[µ
(
hν]ρV
ρ
)
+ Fµνh− 4Fµρh ρν
)]
+q1δ
D
3 ε
µνλVµFνλ + q2δ
D
5 ε
µνλαβVµFνλFαβ
}
. (71)
Thus, the first-order deformation of the solution to the master equation for
the model under study is parameterized by seven independent, real constants,
namely f and Λ corresponding to S
(PF)
1 (see (40), (41), and (42)) together
with p, y2, y3δ
D
3 , q1δ
D
3 , and q2δ
D
5 associated with S
(int)
1 .
4.3 Computation of second-order deformations
Here, we approach the construction of the second-order deformation of the
solution to the master equation, governed by equation (22). Replacing (69)
into (22) we find that it becomes equivalent to the equations(
S
(PF)
1 , S
(PF)
1
)
+
(
S
(int)
1 , S
(int)
1
)(PF)
+ 2sS
(PF)
2 = 0, (72)
2
(
S
(PF)
1 , S
(int)
1
)
+
(
S
(int)
1 , S
(int)
1
)(int)
+ 2sS
(int)
2 = 0, (73)
where
(
S
(int)
1 , S
(int)
1
)(PF)
comprises only BRST generators from the Pauli-
Fierz sector and each term from
(
S
(int)
1 , S
(int)
1
)(int)
contains at least one BRST
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generator from the one-form sector. By writing down (72) and (73), it is
understood that the second-order deformation decomposes as
S2 = S
(PF)
2 + S
(int)
2 , (74)
where S
(PF)
2 represents the component from the Pauli-Fierz sector and S
(int)
2
signifies the complementary part.
Initially, we analyze equation (72). It is known from the literature (for in-
stance, see [14] in the absence of collection indices) that there exists S
(PF)
2 (f
2, fΛ)
such that (
S
(PF)
1 , S
(PF)
1
)
+ 2sS
(PF)
2
(
f 2, fΛ
)
= 0, (75)
where
S
(PF)
2
(
f 2, fΛ
)
= f 2S
(EH−quartic)
2 + fΛ
∫
dDx
(
hµνhµν − 1
2
h2
)
, (76)
with S
(EH−quartic)
2 the second-order Einstein-Hilbert deformation, including
the quartic vertex of the Einstein-Hilbert Lagrangian. On the other hand,
direct computation based on (71) leads to
(
S
(int)
1 , S
(int)
1
)(PF)
= −2s
∫
dDx
[
y22
(D − 2)2
4
(
h2 − hµνhµν
)
+y2y3 (D − 2) δD3 εµνρ
(
∂[νhρ]λ
)
hµ λ + y
2
3δ
D
3
(
∂[νhρ]λ
)
∂[νhρ]λ
]
≡ −2s
(
S
(PF)
2
(
y22
)
+ S
(PF)
2 (y2y3) + S
(PF)
2
(
y23
))
, (77)
where we used the obvious notations
S
(PF)
2
(
y22
)
= y22
(D − 2)2
4
∫
dDx
(
h2 − hµνhµν
)
, (78)
S
(PF)
2 (y2y3) = y2y3 (D − 2) δD3 εµνρ
∫
dDx
(
∂[νhρ]λ
)
hµ λ, (79)
S
(PF)
2
(
y23
)
= y23δ
D
3
∫
dDx
(
∂[νhρ]λ
)
∂[νhρ]λ. (80)
Taking into account relations (75)–(77) it follows that (72) becomes equiva-
lent with
s
[
S
(PF)
2 −
(
S
(PF)
2
(
f 2, fΛ
)
+ S
(PF)
2
(
y22
)
+ S
(PF)
2 (y2y3) + S
(PF)
2
(
y23
))]
= 0,
(81)
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which allows us to determine the component S
(PF)
2 from the second-order
deformation (74), up to trivial, s-exact contributions3, in the form
S
(PF)
2 = S
(PF)
2
(
f 2, fΛ
)
+ S
(PF)
2
(
y22
)
+ S
(PF)
2 (y2y3) + S
(PF)
2
(
y23
)
. (82)
Next, we pass to equation (73). If we denote by ∆(int) and b(int) the
nonintegrated densities of 2
(
S
(PF)
1 , S
(int)
1
)
+
(
S
(int)
1 , S
(int)
1
)(int)
and S
(int)
2 re-
spectively,
2
(
S
(PF)
1 , S
(int)
1
)
+
(
S
(int)
1 , S
(int)
1
)(int)
≡
∫
dDx∆(int), (83)
S
(int)
2 ≡
∫
dDx b(int), (84)
then the local form of equation (73) reads as
∆(int) = −2sb(int) + ∂µnµ, (85)
where
gh
(
∆(int)
)
= 1, gh
(
b(int)
)
= 0, gh (nµ) = 1, (86)
for some local currents nµ. By direct computation, from (70) and (71) we
deduce that ∆(int) decomposes as
∆(int) =
2∑
I=0
∆
(int)
I , agh
(
∆
(int)
I
)
= I, (87)
where
∆
(int)
2 = γ
[
pη∗
(
p (∂µη) ηνhµν − (p+ f)V µην∂[µην]
)]
+ ∂µw
µ
2 , (88)
∆
(int)
1 = δ
[
pη∗
(
p (∂µη) ηνhµν − (p+ f) V µην∂[µην]
)]
+γ
{
p2V ∗µ
[
(∂νVµ)h
ν
ρη
ρ +
1
2
(
∂[µhν]ρ
)
V νηρ
3Strictly speaking, we must add to (82) the nontrivial solution F to the homogeneous
equation sF = 0. However, this solution brings nothing new and can always be absorbed
into the full deformed solution to the master equation S (actually in S
(PF)
1 ) through a con-
venient redefinition of the coupling constant and of the other constants that parameterize
S
(PF)
1 . For instance, see Section 7 from [14].
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−1
4
V νh ρ[µ
(
∂ν]ηρ
)− 1
4
V ν
(
∂ρη[µ
)
h ρ
ν] −
3
4
h νµ h
ρ
ν ∂ρη
]
+
1
2
p (p+ f)V ∗µV ν
[(
∂[µhρ]ν + ∂[νhρ]µ
)
ηρ − h ρµ ∂νηρ
−h ρν ∂µηρ]− y3δD3 εµνρV ∗µ
[
fhν λ∂
[ρηλ] + (2p+ f) ηλ∂
[νhρ]λ
]
+py2V
∗µ [(D − 2)hµνην − Vµη]− y2h∗µν [f (hµνη + 2Vµην)
−2 (p+ f) σµνV ρηρ]} − p (p+ f)V ∗µF µνηρ∂[ρην]
+ (2p+ f)V ∗µ
[
y3δ
D
3 εµνρ
(
∂[νηλ]
)
∂[ρητ ]σλτ
+y2 (D − 2)
(
∂[µην]
)
ην
]
+ ∂µw
µ
1 , (89)
∆
(int)
0 = δ
{
p2V ∗µ
[
(∂νVµ) h
ν
ρη
ρ +
1
2
(
∂[µhν]ρ
)
V νηρ − 1
4
V νh ρ[µ
(
∂ν]ηρ
)
−1
4
V ν
(
∂ρη[µ
)
h ρ
ν] −
3
4
h νµ h
ρ
ν ∂ρη
]
+
16
D − 2y3q1δ
D
3 h
∗η
+
1
2
p (p+ f) V ∗µV ν
[(
∂[µhρ]ν + ∂[νhρ]µ
)
ηρ − h ρµ ∂νηρ − h ρν ∂µηρ
]}
+γ
{
p2
8
[
Vρ
((
∂[µhν]ρ
) (
∂[µhν]λ
)
V λ − 2 (∂[µhν]ρ)hλ[µ (∂ν]V λ))
+h [µρ
(
∂ν]V ρ
)
hλ[µ
(
∂ν]V
λ
)
+ F µνhρ λ
(
hλ [µ
(
∂ν]Vρ
)− (∂[µhλ ν]) Vρ)
+F µνhρ [µ
(
∂ν]h
λ
ρ
)
Vλ
]
+ p2F µν
[
Fµρh
λ
ν h
ρ
λ +
1
16
Fµν
(
h2 − 2hρλhρλ
)
−h ρν
((
∂[µh
λ
ρ]
)
Vλ − h λ[µ
(
∂ρ]Vλ
))
+
1
2
(
F ρλhµρhνλ − Fµρhρ νh
)
+
1
4
((
∂[µh
ρ
ν]
)
Vρ − h ρ[µ
(
∂ν]Vρ
))
h
]
+
1
4
p (p+ f) (F µνFνρ
+
1
4
δµρF
νλFνλ
)
hµσh
σρ + q1pδ
D
3 ε
µνλ (hVµFνλ − 2h αλ VµFνα
+h αµ VαFνλ
)
+ q2pδ
D
5 ε
µνλαβ
(
hVµFνλFαβ − 4h ρβ VµFνλFαρ
+2h ρµ VρFνλFαβ
)− 16y3q1δD3 Vν∂[νhρ]ρ − (D − 2) (D − 1) y22VµV µ}
−4q1y2δD3 (D − 2) εµνρF µνηρ − 6q2y2δD5 εµνραβF µνF ραηβ
+
1
2
p (p+ f)
(
F µνFνρ +
1
4
δµρF
νλFνλ
)(
hρσ∂[µησ] − 2∂[µhρ σ]ησ
)
+y2
[
fA
(int)
0
(
∂∂Φα0Φβ0ηα1
)
+ pB
(int)
0
(
∂∂Φα0Φβ0ηα1
)− 4DΛη]
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+y3δ
D
3
[
fC
(int)
0
(
∂∂∂Φα0Φβ0ηα1
)
+ pD
(int)
0
(
∂∂∂Φα0Φβ0ηα1
)]
+ ∂µw
µ
0 .(90)
In (90) A
(int)
0 , B
(int)
0 , C
(int)
0 , and D
(int)
0 are linear in their arguments; for in-
stance the notation A
(int)
0
(
∂∂Φα0Φβ0ηα1
)
means that each term from A
(int)
0
contains two spacetime derivatives and is simultaneously quadratic in the
fields Φα0 from (3) and linear in the ghosts ηα1 from (4).
Replacing decomposition (87) into equation (85) and using (5), one can
assume, without loss of generality, that b(int) and nµ stop at antighost number
three: b(int) =
3∑
I=0
b
(int)
I , n
µ =
3∑
I=0
nµI . However, it can be shown in a direct
manner (based on the result H inv3 (δ|d) = 0) that one can take b(int)3 = 0, so
we can work with
b(int) =
2∑
I=0
b
(int)
I , agh
(
b
(int)
I
)
= I, (91)
nµ =
2∑
I=0
nµI , agh (n
µ
I ) = I. (92)
The above expansions inserted into equation (85) produce the equivalent
equations
∆
(int)
2 = −2γb(int)2 + ∂µnµ2 , (93)
∆
(int)
1 = −2
(
δb
(int)
2 + γb
(int)
1
)
+ ∂µn
µ
1 , (94)
∆
(int)
0 = −2
(
δb
(int)
1 + γb
(int)
0
)
+ ∂µn
µ
0 . (95)
At this stage it is useful to make the notations
b
(int)
2 = −
1
2
pη∗
[
p (∂µη) ηνhµν − (p + f)V µην∂[µην]
]
+ b¯
(int)
2 , (96)
b
(int)
1 = −
1
2
p2V ∗µ
[
(∂νVµ) h
ν
ρη
ρ +
1
2
(
∂[µhν]ρ
)
V νηρ
−1
4
V νh ρ[µ
(
∂ν]ηρ
)− 1
4
V ν
(
∂ρη[µ
)
h ρ
ν] −
3
4
h νµ h
ρ
ν ∂ρη
]
−1
4
p (p+ f)V ∗µV ν
[(
∂[µhρ]ν + ∂[νhρ]µ
)
ηρ − h ρµ ∂νηρ
22
−h ρν ∂µηρ] +
1
2
y3δ
D
3 εµνρV
∗µ
[
fhν λ∂
[ρηλ] + (2p+ f) ηλ∂
[νhρ]λ
]
−1
2
py2V
∗µ [(D − 2)hµνην − Vµη] + 1
2
y2h
∗µν [f (hµνη + 2Vµην)
−2 (p+ f)σµνV ρηρ]− 8
D − 2y3q1δ
D
3 h
∗η + b¯
(int)
1 , (97)
b
(int)
0 = −
p2
16
[
Vρ
((
∂[µhν]ρ
) (
∂[µhν]λ
)
V λ − 2 (∂[µhν]ρ)hλ[µ (∂ν]V λ))
+h [µρ
(
∂ν]V ρ
)
hλ[µ
(
∂ν]V
λ
)
+ F µνhρ λ
(
hλ [µ
(
∂ν]Vρ
)− (∂[µhλ ν]) Vρ)
+F µνhρ [µ
(
∂ν]h
λ
ρ
)
Vλ
]
− 1
2
p2F µν
[
Fµρh
λ
ν h
ρ
λ +
1
16
Fµν
(
h2 − 2hρλhρλ
)
−h ρν
((
∂[µh
λ
ρ]
)
Vλ − h λ[µ
(
∂ρ]Vλ
))
+
1
2
(
F ρλhµρhνλ − Fµρhρ νh
)
+
1
4
((
∂[µh
ρ
ν]
)
Vρ − h ρ[µ
(
∂ν]Vρ
))
h
]
− 1
8
p (p + f) (F µνFνρ
+
1
4
δµρF
νλFνλ
)
hµσh
σρ − 1
2
q1pδ
D
3 ε
µνλ (hVµFνλ − 2h αλ VµFνα
+h αµ VαFνλ
)− 1
2
q2pδ
D
5 ε
µνλαβ
(
hVµFνλFαβ − 4h ρβ VµFνλFαρ
+2h ρµ VρFνλFαβ
)
+ 8y3q1δ
D
3 Vν∂
[νhρ]ρ +
1
2
(D − 2) (D − 1) y22VµV µ
+b¯
(int)
0 . (98)
Using the above notations and recalling the expressions (88)–(90) of ∆
(int)
I ,
equations (93)–(95) (equivalent to (85)) become
γb¯
(int)
2 = ∂µρ
µ
2 , (99)
δb¯
(int)
2 + γb¯
(int)
1 = ∂µρ
µ
1 +
1
2
χ1, (100)
δb¯
(int)
1 + γb¯
(int)
0 = ∂µρ
µ
0 +
1
2
χ0, (101)
where
ρµI =
1
2
(wµI − nµI ) , I = 0, 2, (102)
χ1 = V
∗µ
{−p (p+ f)Fµνηρ∂[ρην]
23
+ (2p+ f)
[
y3δ
D
3 εµνρ
(
∂[νηλ]
)
∂[ρητ ]σλτ
+y2 (D − 2)
(
∂[µην]
)
ην
]}
, (103)
χ0 = δ
{
y3δ
D
3 εµνρV
∗µ
[
fhν λ∂
[ρηλ] + (2p+ f) ηλ∂
[νhρ]λ
]
−py2V ∗µ [(D − 2)hµνην − Vµη] + y2h∗µν [f (hµνη + 2Vµην)
−2 (p+ f)σµνV ρηρ]} − 4q1y2δD3 (D − 2) εµνρF µνηρ
−6q2y2δD5 εµνραβF µνF ραηβ +
1
2
p (p+ f) (F µνFνρ
+
1
4
δµρF
νλFνλ
)(
hρσ∂[µησ] − 2∂[µhρ σ]ησ
)
+y2
[
fA
(int)
0
(
∂∂Φα0Φβ0ηα1
)
+ pB
(int)
0
(
∂∂Φα0Φβ0ηα1
)− 4DΛη]
+y3δ
D
3
[
fC
(int)
0
(
∂∂∂Φα0Φβ0ηα1
)
+ pD
(int)
0
(
∂∂∂Φα0Φβ0ηα1
)]
. (104)
One can replace (99) with
γb¯
(int)
2 = 0, (105)
such that (85) is in fact equivalent to (105) and (100)–(101). So far, we
have shown that the second-order deformation of the solution to the master
equation, (74), is completely known once we manage to solve equations (105)
and (100)–(101). This is our next concern.
From (100) we obtain a necessary condition for the existence of b¯
(int)
2 and
b¯
(int)
1 , namely
χ1 = δϕ2 + γω1 + ∂µl
µ
1 , (106)
where agh (ϕ2) = 2 = pgh (ϕ2), agh (ω1) = 1 = pgh (ω1), agh (l
µ
1 ) = 1,
pgh (lµ1 ) = 2. It is essential to remark that all the functions ϕ2, ω1, and
lµ1 must be local since otherwise we cannot obtain local second-order defor-
mations from (100). Assuming (106) holds, we act with δ on it and use its
nilpotency and its anticommutation with γ, which yields
δχ1 = γ (−δω1) + ∂µ (δlµ1 ) . (107)
Without entering technical details, we mention that the validity of (107) can
be checked by means of standard cohomological arguments. In fact, after
direct manipulations of (103), it can be shown that (107) (and thus also
(106)) requires that the following conditions are simultaneously satisfied:
F µνFνρ +
1
4
δµρFνλF
νλ = δΩµρ , (108)
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F θµ = δΩ¯θµ, (109)
∂[µh
θ
λ] = δΩ
θ
µλ, (110)(
∂[θh
θ
ν]
)
∂[µhν]µ −
(
∂[νhθ]µ
)
∂νhθµ = δΩ. (111)
All the quantities denoted by Ω or Ω¯ must be local; their locality is essential
in obtaining local deformations, which is one of the main working hypotheses
of our paper. One can explicitly reveal locality obstructions to each of these
conditions. For instance, assuming that equation (108) is satisfied for some
local Ωµρ and taking its divergence, it follows that the relation
∂µ
(
F µνFνρ +
1
4
δµρFνλF
νλ
)
= δ
(
∂µΩ
µ
ρ
)
(112)
should also take place. On the other hand, it is easy to see that
∂µ
(
F µνFνρ +
1
4
δµρFνλF
νλ
)
= δ (−V ∗νFνρ) . (113)
Since −V ∗νFνρ obviously is not a divergence of a local function, equation
(112) cannot hold for some local Ωµρ , so neither does (108). Acting in a similar
manner with respect to equation (109), we infer ∂µF
θµ = δV ∗θ 6= δ (∂µΩ¯θµ),
such that (109) cannot be satisfied for some local Ω¯θµ. Related to (110), if
we apply ∂µ on it and then take its trace, we obtain ∂µ∂[µh
λ
λ] = δ
(
h∗
D−2
) 6=
δ
(
∂µΩλµλ
)
, and hence (110) is not valid for some local Ωθµλ. Concerning
equation (111), it can be shown directly that its left-hand side reads as
δ (−hµνh∗µν)+∂µuµ, with ∂µuµ 6= 0 and uµ 6= δuµ1 for some local uµ1 , so (111)
also fails to be true. Combining these last results, it follows that (107) (and
hence also (106)) cannot hold locally unless χ1 = 0, which yields
p (p+ f) = 0, (114)
(2p+ f) y3δ
D
3 = 0, (115)
(2p+ f) y2 = 0. (116)
There are three relevant solutions to the above equations4
Case I : p = −f 6= 0, y2 = 0 = y3δD3 , D > 2, (117)
4By ‘relevant solution’ we mean that the resulting deformations lead to a maximum
number of consistent couplings and gauge symmetries. For instance, another possible
solution to (117)–(119) is p = 0, f 6= 0, y2 = 0, y3δD3 = 0. This case is not relevant since it
would mean to allow the Einstein-Hilbert selfinteractions of the graviton, but forbid: (i)
the standard couplings graviton-photon and (ii) the diffeomorphism sector of the vector
field gauge symmetries prescribed by General Relativity.
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Case II : p = f = 0, D = 3, (118)
Case III : p = f = 0, D > 3, (119)
which require an individual treatment.
4.3.1 Case I — General Relativity
According to (117), the first-order deformation (69) is parameterized in this
situation by four real constants, namely, f , Λ, q1δ
D
3 , and q2δ
D
5 . For the sake
of simplicity we set f = 1, so p = −1, such that the S1 (see (70) with the
components (40), (41), and (42) plus (71)) takes the concrete form
S
(I)
1 = S
(PF)
1 + S
(int)
1
≡
∫
dDx
{
1
2
η∗µην∂[µην] + h
∗µρ
[
(∂ρη
ν)hµν − ην∂[µhν]ρ
]
+a
(EH−cubic)
0 − 2Λh
}
+
∫
dDx {−η∗ηµ∂µη
+
1
2
V ∗µ
[
V ν∂[µην] + 2 (∂νVµ) η
ν − hµν∂νη
]
−1
8
F µν
[
2∂[µ
(
hν]ρV
ρ
)
+ Fµνh− 4Fµρh ρν
]
+q1δ
D
3 ε
µνλVµFνλ + q2δ
D
5 ε
µνλαβVµFνλFαβ
}
. (120)
Replacing (117) into (103) and (104), we find that
χ1 = 0, χ0 = 0, (121)
such that equations (105) and (100)–(101) become
γb¯
(int)
2 = 0, (122)
δb¯
(int)
2 + γb¯
(int)
1 = ∂µρ
µ
1 , (123)
δb¯
(int)
1 + γb¯
(int)
0 = ∂µρ
µ
0 . (124)
These equations have already been considered in Section 4.2 at the construc-
tion of the first-order deformation, so their solutions can be absorbed into
S
(int)
1 from (120) by a suitable redefinition of the constants p, q1, and q2. In
conclusion, we can work with
b¯
(int)
2 = 0, b¯
(int)
1 = 0, b¯
(int)
0 = 0. (125)
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Inserting the previous results together with (117) for f = 1 in (96), (97), and
(98) and then the resulting expressions in (91), we complete the interacting
component S
(int)
2 from the second-order deformation of the solution to the
master equation, in agreement with notation (84). Particularizing (76) and
(78)–(80) to the case (117) for f = 1, we also infer S
(PF)
2 with the help
of relation (76). Putting together these expressions of S
(int)
2 and S
(PF)
2 via
formula (74), we can state that the full second-order deformation to the
master equation in case I reads as
S
(I)
2 = S
(PF)
2 + S
(int)
2
≡
[
S
(EH−quartic)
2 + Λ
∫
dDx
(
hµνhµν − 1
2
h2
)]
− 1
2
∫
dDx {η∗ (∂µη) ηνhµν
+V ∗µ
[
(∂νVµ)h
ν
ρη
ρ +
1
2
(
∂[µhν]ρ
)
V νηρ − 1
4
V νh ρ[µ
(
∂ν]ηρ
)
−1
4
V ν
(
∂ρη[µ
)
h ρ
ν] −
3
4
h νµ h
ρ
ν ∂ρη
]
+
1
8
[
F µνhρ λ
(
hλ [µ
(
∂ν]Vρ
)
− (∂[µhλ ν])Vρ)+ F µνhρ [µ (∂ν]h λρ )Vλ + Vρ ((∂[µhν]ρ) (∂[µhν]λ) V λ
−2 (∂[µhν]ρ)hλ[µ (∂ν]V λ))+ h [µρ (∂ν]V ρ)hλ[µ (∂ν]V λ)]
+F µν
[
Fµρh
λ
ν h
ρ
λ +
1
2
(
F ρλhµρhνλ − Fµρhρ νh
)
+
1
16
Fµν
(
h2 − 2hρλhρλ
)− h ρν ((∂[µh λρ] )Vλ − h λ[µ (∂ρ]Vλ))
+
1
4
((
∂[µh
ρ
ν]
)
Vρ − h ρ[µ
(
∂ν]Vρ
))
h
]
− q1δD3 εµνλ (hVµFνλ
−2h αλ VµFνα + h αµ VαFνλ
)− q2δD5 εµνλαβ (hVµFνλFαβ
−4h ρβ VµFνλFαρ + 2h ρµ VρFνλFαβ
)}
. (126)
The deformation procedure goes on indefinitely in the sense that it produces
an infinite number of nontrivial higher-order components of the deformed
solution to the master equation
S(I)n 6= 0, for all n > 0. (127)
Nevertheless, we will see in Section 4.4.1 that the first two deformations de-
rived so far for case I are enough in order to describe the overall deformed
theory at all orders in the coupling constant, which turns out to describe
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nothing but the standard graviton-vector interactions from General Relativ-
ity.
4.3.2 Case II — new solutions in D = 3
In this situation we substitute (118) into (103) and (104) and obtain that5
χ1 = 0, χ0 = −4y2 (q1εµνρF µνηρ + 3Λη) . (128)
Thus, from (101) we obtain a necessary condition for the existence of b¯
(int)
1
and b¯
(int)
0 , namely
χ0 = δϕ1 + γω0 + ∂µl
µ
0 , (129)
where agh (ϕ1) = 1 = pgh (ϕ1), agh (ω0) = 0 = pgh (ω0), agh (l
µ
0 ) = 0,
pgh (lµ0 ) = 1. We insist that all the quantities ϕ1, ω0, and l
µ
0 from (129) must
be local in order to render a local second-order deformation via (101). This
is the second place where we analyze the possible obstructions in finding
local deformations. It is clear from (128) that χ0 is a nontrivial element
from H1 (γ) of antighost number zero, γχ0 = 0, since it is written as χ0 =
α0M (Fµν) e
1M , where α0M are invariant polynomials not depending on the
antifields and e1M are the elements of a basis in the space of polynomials
with pure ghost number one in ηµ and η. The latter term from the right-
hand side of (128) is derivative-free while the non-vanishing actions of δ and
γ contain at least one derivative, so it cannot be written as in (129) and,
as a consequence, we must require y2Λ = 0. (From the latter definition in
(12) we have that γ(∂µVµ) = η, so we can indeed write η = γ(
−1∂µVµ).
But −1∂µVµ is not local, so this solution must be discarded.) Regarding
the former term, proportional with εµνρF
µνηρ, since agh (ϕ1) = 1, it follows
that ϕ1 is linear in the antifields Φ
∗
α0
= (h∗µν , V ∗µ). On behalf of definitions
(8), it would produce in (129) terms with two spacetime derivatives. But
εµνρF
µνηρ contains only pieces with at most one derivative, so the locality
assumption requires ϕ1 = 0 in (129), such that this becomes
− 4y2q1εµνρF µνηρ = γω0 + ∂µlµ0 . (130)
From definitions (12) it is clear now that (130) cannot hold for some local ω0
and lµ0 . By virtue of the above discussion we must impose χ0 = 0, which is
equivalent with the supplementary conditions
y2q1 = 0, y2Λ = 0, (131)
5Note that in D = 3 we have q2δ
D
5 = 0.
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displaying two relevant solutions
y2 = 0, (132)
q1 = 0 = Λ. (133)
Thus, the second case admits two subcases, deserving separate analyses.
Subcase II.1 results from (118) and (132), so it corresponds to the choice
D = 3, p = f = q2δ
D
5 = y2 = 0. (134)
We observe that the deformations lie in three spacetime dimensions and
are parameterized by three constants, namely Λ, y3, and q1. Under these
circumstances, the first-order deformation S1 (see (70) with the components
(40), (41), and (42) plus (71), all particularized to (134)) is expressed by
S
(II.1)
1 = S
(PF)
1 + S
(int)
1 ≡ −2Λ
∫
d3xh
+
∫
d3x εµνρ
[
y3
(
V ∗µ∂[νηρ] + F λµ∂[νh
ρ]
λ
)
+ q1V
µF νρ
]
. (135)
Substituting relations (134) into (103) and (104), we find that
χ1 = 0, χ0 = 0, (136)
so the discussion from subsection 4.3.1 applies here as well and we can take
b¯
(int)
2 = 0, b¯
(int)
1 = 0, b¯
(int)
0 = 0 (137)
in (96), (97), and (98). Consequently, with the help of formulas (74), (82)
(with the components (78)–(80)), (84), and (91) (with the components (96)–
(98)) written in the presence of conditions (134) and (137) we determine the
second-order deformation in the form
S
(II.1)
2 = S
(PF)
2 + S
(int)
2 ≡ y23
∫
d3x
(
∂[νhρ]λ
)
∂[νhρ]λ
+8y3q1
∫
d3x
(−h∗η + Vν∂[νhρ]ρ) . (138)
Next, we approach the consistency of S
(II.1)
2 , i.e. we solve the equation
introducing the third-order deformation of the solution to the master equa-
tion (
S
(II.1)
1 , S
(II.1)
2
)
+ sS
(II.1)
3 = 0. (139)
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By direct computation we obtain
(
S
(II.1)
1 , S
(II.1)
2
)
= s
(
4y23q1
∫
d3x εµνρh
µ
λ∂
[νh
ρ]
λ
)
+48Λy3q1
∫
d3x η. (140)
Substituting the last result into (139) we arrive at
s
(
S
(II.1)
3 + 4y
2
3q1
∫
d3x εµνρh
µ
λ∂
[νh
ρ]
λ
)
+ 48Λy3q1
∫
d3x η = 0. (141)
The last equation possesses local solutions if and only if the integrand of
the last term from the left-hand side of (141) is written in a s-exact modulo
d form from local functions. We discussed a similar term in the beginning
of Section 4.3.2 (see the second term on the right-hand side of (128) and
equation (129)) and concluded that it cannot be written in a s-exact modulo
d form from local functions until its coefficient vanishes. Then, we can state
that (141) holds if and only if
Λy3q1 = 0. (142)
The relevant solutions to the above equation are6
y3 6= 0, Λ 6= 0, q1 = 0, (143)
y3 6= 0, q1 6= 0, Λ = 0. (144)
Thus, the first subcase from case II splits again into two complementary
situations.
In subcase II.1.1, where (134) and (143) hold simultaneously,
D = 3, p = f = q2δ
D
5 = y2 = q1 = 0, y3 6= 0, Λ 6= 0, (145)
we have that the deformed solution to the master equation is parameterized
by two constants, y3 and Λ. Its first two components result from (135) and
(138) where we set q1 = 0 and read as
S
(II.1.1)
1 =
∫
d3x
[
−2Λh+ y3εµνρ
(
V ∗µ∂[νηρ] + F λµ∂[νh
ρ]
λ
)]
, (146)
6The solution y3 = 0 and Λq1 6= 0 yields no couplings: the original gauge trans-
formations (2) are maintained and two gauge-invariant terms are added to the starting
Lagrangian (1): −2kΛh and kq1δD3 εµνρVµFνρ.
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S
(II.1.1)
2 = y
2
3
∫
d3x
(
∂[νhρ]λ
)
∂[νhρ]λ. (147)
Consequently,
(
S
(II.1.1)
1 , S
(II.1.1)
2
)
= 0, so (139) becomes
sS
(II.1.1)
3 = 0, (148)
whose solution can be taken to be trivial
S
(II.1.1)
3 = 0 (149)
(the solution to the homogeneous equation (148) can be absorbed into (146)
by a suitable redefinition of the involved constants). Inserting (149) into the
next deformation equation
1
2
(
S
(II.1.1)
2 , S
(II.1.1)
2
)
+
(
S
(II.1.1)
1 , S
(II.1.1)
3
)
+ sS
(II.1.1)
4 = 0 (150)
and observing that
(
S
(II.1.1)
2 , S
(II.1.1)
2
)
= 0, we can again take
S
(II.1.1)
4 = 0. (151)
It is easy to see that in fact we can set
S(II.1.1)n = 0, for all n > 2. (152)
We can therefore conclude that in subcase II.1.1, described by conditions
(145), the deformation procedure stops nontrivially at a finite step (n = 2)
and the deformed solution to the master equation, consistent to all orders in
the deformation parameter, takes the form
S(II.1.1) = S¯ + kS
(II.1.1)
1 + k
2S
(II.1.1)
2 ≡
∫
d3x
[
L(PF)0 −
1
4
FµνF
µν
+h∗µν∂(µην) + V
∗µ∂µη − 2kΛh
+ky3εµνρ
(
V ∗µ∂[νηρ] + F λµ∂[νh
ρ]
λ
)
+ k2y23
(
∂[νhρ]λ
)
∂[νhρ]λ
]
, (153)
where L(PF)0 is the Pauli-Fierz Lagrangian.
We choose not to expose in detail the remaining possibilities, whose inves-
tigation is merely technical, but simply state their main conclusions. Thus,
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in subcase II.1.2, where (134) and (144) are assumed to take place con-
currently, the deformed solution to the master equation is parameterized by
y3 and q1 and starts like in (135) and (138) where we set Λ = 0. There
appear no obstructions in solving the higher-order deformation equations,
of order three and four, while that of order five requires the supplementary
condition y33q
2
1 = 0. Its relevant solution is q1 = 0 since in the opposite
situation, y3 = 0, there are no cross-couplings at all between the graviton
and the vector field: the original gauge transformations are not affected and
the Lagrangian is modified by an Abelian Chern-Simons term kq1εµνρV
µF νρ.
Based on q1 = 0, it can be shown that all the deformations of order three
or higher can be made to vanish, such that the resulting deformed solution
to the master equation precisely reduces to a particular solution of subcase
II.1.1 : it is expressed by (153) for Λ = 0. Regarding subcase II.2, it is
pictured by conditions (118) and (133), so the deformations ‘live’ again in a
three-dimensional spacetime, being parameterized by y2 and y3. The first-
order deformation reduces to (71) where we set D = 3 and p = 0 = q1. There
are no obstructions in finding the deformation of order two in the coupling
constant, but the existence of the third-order deformation imposes the ad-
ditional condition y2 = 0, which further implies that all the deformations of
order three or higher are trivial. Therefore, the fully deformed solution to
the master equation is nothing but the same particular solution from subcase
II.1.1, being equal to (153) for Λ = 0.
Combining all the results exposed so far, we can state that the most
general solution of the deformation procedure in case II is provided by a
three-dimensional, consistent solution to the master equation that stops at
the second order in the deformation parameter, is parameterized by y3 and
Λ, and reads as in (153). We will argue in Section 4.4.2 that this solution
describes a new mechanism for coupling a spin-two field to a massless vector
field in D = 3, which is completely different from the standard one, based
on General Relativity prescriptions.
4.3.3 Case III — nothing new
Case III is subject to conditions (119), so it is valid only in D > 3 spacetime
dimensions7, being parameterized in the first instance by y2, q2δ
D
5 , and Λ. In
7Note that D > 3 implies automatically y3δ
D
3 = 0 = q1δ
D
3 .
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agreement with (119), formulas (103) and (104) will be
χ1 = 0, χ0 = −2y2
(
3q2δ
D
5 εµνραβF
µνF ραηβ + 2DΛη
)
, (154)
such that (101) yields the same necessary condition for the existence of b¯
(int)
1
and b¯
(int)
0 like in case II
χ0 = δϕ1 + γω0 + ∂µl
µ
0 , (155)
where agh (ϕ1) = 1 = pgh (ϕ1), agh (ω0) = 0 = pgh (ω0), agh (l
µ
0 ) = 0,
pgh (lµ0 ) = 1. The locality of the second-order deformation requires that all
ϕ1, ω0, and l
µ
0 are local functions. From (154) and definitions (8) and (12) it
is obvious that (155) cannot be satisfied for some local ϕ1, ω0, and l
µ
0 until
we set χ0 = 0, which further demands
y2q2δ
D
5 = 0, y2Λ = 0. (156)
There are obviously two complementary solutions to these equations
q2δ
D
5 = 0, Λ = 0, (157)
y2 = 0. (158)
Once more, we try to simplify the presentation by avoiding the technical
details involved and mentioning only the key points. Subcase III.1, de-
scribed by (119) and (157), is parameterized by a single constant, y2, such
that the first-order deformation reduces to the component of (71) propor-
tional with this parameter
S
(III.1)
1 = y2
∫
dDx
[
h∗η + (D − 2)
(
−V ∗ληλ + V λ∂[µh µλ]
)]
. (159)
The second-order deformation, S
(III.1)
2 , is then easily obtained from the ob-
servation that χ1 = 0 = χ0, so equations (105) and (100)–(101) reduce,
like in case I, to (122)–(124), whose solution can be taken to vanish, like in
(125). Consequently, the nonintegrated density of S
(III.1)
2 contains only terms
of antighost number zero and reduces to the integrand of (78) plus the terms
proportional with y22 from (98). It is easy to show that the existence of a
local third-order deformation requires y2 = 0, so subcase III.1 leads to no
nontrivial deformations, S
(III.1)
n = 0, for all n ≥ 1. Subcase III.2, pictured
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by (119) and (158), is parameterized by q2δ
D
5 and Λ (see also footnote 7).
Only the first-order deformation is found non-trivial, being equal to
S
(III.2)
1 =
∫
dDx
(−2Λh + q2δD5 εµνλαβVµFνλFαβ) . (160)
Analyzing (160), we can state that subcase III.2 is not interesting since the
deformation procedure does not modify the original gauge transformations
(2), but mainly adds to the original action (1) two gauge-invariant terms: a
cosmological one and a generalized Abelian Chern-Simons action. In conclu-
sion, case III brings no new information on the possible couplings vbetween
a spin-two field and a massless one-form.
4.4 Analysis of the deformed theory
The main aim of this section is to give an appropriate interpretation of the
Lagrangian formulation of the deformed theories obtained previously from
the deformation of the solution to the master equation. We will analyze the
first two cases separately since we have seen that the third one gives noth-
ing interesting. It is useful to recall the relationship between some quan-
tities appearing in the deformed solution of the master equation, S, and
the associated gauge theory: the component of antighost number zero from
the former is nothing but the Lagrangian action of the coupled model, the
piece of antighost number one provides the gauge transformations of the de-
formed theory, and the terms of antighost number two contain the structure
functions defined by the commutators among the deformed gauge transfor-
mations. More precisely, the gauge transformations of the coupled theory
result from the terms of antighost number one present in S (generically writ-
ten as Φ∗α0Z
α0
α1
ηα1) by replacing the ghosts with the gauge parameters ǫα1 ,
δǫΦ
α0 = Zα0α1ǫ
α1 . The functions
Zα0α1 = Z¯
α0
α1
+ kZα01 α1 + k
2Zα02 α1 + · · · (161)
define the gauge generators of the coupled model, where the components Z¯α0α1
are responsible for the original gauge transformations.
4.4.1 Case I: standard couplings from General Relativity
We discussed in detail in Section 4.3.1 a first case of obtaining consistent
interactions between a Pauli-Fierz field and a vector field. This is defined
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by conditions (117), in which situation the deformed solution to the master
equation starts like
S(I) = S¯ + kS
(I)
1 + k
2S
(I)
2 + · · ·
= S¯ + k
(
S
(PF)
1 + S
(int)
1
)
+ k2
(
S
(PF)
2 + S
(int)
2
)
+ · · · , (162)
where S¯, S
(I)
1 , and S
(I)
2 read as in (17), (120), and (126) respectively.
In order to identify the main ingredients of the coupled model in the first
case we use the result proved in Section 5 of [15], according to which the
local BRST cohomologies of the Pauli-Fierz model and of the linearized ver-
sion of vielbein formulation of spin-two field theory are isomorphic. Because
the local BRST cohomology (in ghost numbers zero and one) controls the
deformation procedure, it results that this isomorphism allows one to pass in
a consistent manner from the Pauli-Fierz model to the linearized version of
the vielbein formulation and conversely during the deformation procedure.
Nevertheless, the linearized vielbein formulation possesses more fields (the
antisymmetric part of the linearized vielbein) and more gauge parameters
(Lorentz parameters) than the Pauli-Fierz model. The switch from the for-
mer version to the latter is realized via the above mentioned isomorphism
by imposing some partial gauge-fixing conditions, chosen to annihilate the
antisymmetric components of the vielbein. An appropriate interpretation of
the Lagrangian description of the interacting theory in case I requires the
generalized expression of these partial gauge-fixing conditions [33]
σµ[ae
µ
b] = 0 (163)
and the development of the vielbein eµa and of its inverse e
a
µ up to the second
order in the coupling constant in terms of the Pauli-Fierz field
eµa =
(0)
e
µ
a + k
(1)
e
µ
a + k
2(2)e
µ
a + · · · = δµa −
k
2
hµa +
3k2
8
hνah
µ
ν + · · · , (164)
eaµ =
(0)
e
a
µ + k
(1)
e
a
µ + k
2(2)e
a
µ + · · · = δaµ +
k
2
haµ −
k2
8
haνh
ν
µ + · · · . (165)
The expansion of the inverse of the metric tensor gµν and of the square root
from the minus determinant of the metric tensor
√−g =√− det gµν in terms
of the Pauli-Fierz field,
gµν =
(0)
gµν + k
(1)
gµν + k2
(2)
gµν + · · · = σµν − khµν + k2hµρhρν + · · · ,(166)
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√−g =
(0)√−g + k
(1)√−g + k2
(2)√−g + · · ·
= 1 +
k
2
h+
k2
8
(
h2 − 2hµνhµν
)
+ · · · , (167)
will also be necessary in what follows. We note that the metric tensor is
gµν = σµν + khµν . (168)
The interacting Lagrangian at order one in the coupling constant, L(int)1 ,
is the nonintegrated density of the piece of antighost number zero from the
first-order deformation in the interacting sector, S
(int)
1 . Using (120) and ex-
pansions (164)–(167), we can write
L(int)1 = −
1
4
F µν∂[µ
(
hν]ρV
ρ
)− 1
8
F µνFµνh+
1
2
F µνFµρh
ρ
ν
+q1δ
D
3 ε
µνλVµFνλ + q2δ
D
5 ε
µνλαβVµFνλFαβ
≡ −1
4
[(
(0)√−g
(0)
gµν
(1)
gρλ +
(0)√−g
(1)
gµν
(0)
gρλ +
(1)√−g
(0)
gµν
(0)
gρλ
)
(0)
F¯µρ
(0)
F¯νλ
+
(0)√−g
(0)
gµν
(0)
gρλ
(
(1)
F¯µρ
(0)
F¯νλ +
(0)
F¯µρ
(1)
F¯νλ
)]
+q1δ
D
3
(0)√−g(0)e
µ1
a1
(0)
e
µ2
a2
(0)
e
µ3
a3
εa1a2a3
(0)
V¯ µ1
(0)
F¯ µ2µ3
+q2δ
D
5
(0)√−g(0)e
µ1
a1
· · · (0)e
µ5
a5
εa1a2a3a4a5
(0)
V¯ µ1
(0)
F¯ µ2µ3
(0)
F¯ µ4µ5 , (169)
where
(0)
V¯ µ =
(0)
e
a
µVa,
(0)
F¯µν = ∂[µ
(
(0)
e
a
ν]Va
)
,
(1)
F¯µν = ∂[µ
(
(1)
e
a
ν]Va
)
. (170)
Along the same line, the interacting Lagrangian at order two, L(int)2 , results
from S
(int)
2 at antighost number zero. Taking into account formula (126) and
expansions (164)–(167), we have that
L(int)2 ≡ −
1
4
[
(0)√−g
(0)
gµν
(0)
gρλ
(
(0)
F¯µρ
(2)
F¯νλ +
(2)
F¯µρ
(0)
F¯νλ
)
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+(
(0)√−g
(0)
gµν
(1)
gρλ +
(0)√−g
(1)
gµν
(0)
gρλ +
(1)√−g
(0)
gµν
(0)
gρλ
)(
(0)
F¯µρ
(1)
F¯νλ +
(1)
F¯µρ
(0)
F¯νλ
)
+
(
(0)√−g
(0)
gµν
(2)
gρλ +
(0)√−g
(2)
gµν
(0)
gρλ +
(0)√−g
(1)
gµν
(1)
gρλ
+
(1)√−g
(0)
gµν
(1)
gρλ +
(1)√−g
(1)
gµν
(0)
gρλ +
(2)√−g
(0)
gµν
(0)
gρλ
)
(0)
F¯µρ
(0)
F¯νλ
]
+q1δ
D
3 ε
a1a2a3
[
(1)√−g(0)e
µ1
a1
(0)
e
µ2
a2
(0)
e
µ3
a3
(0)
V¯ µ1
(0)
F¯ µ2µ3
+
(0)√−g
(
(1)
e
µ1
a1
(0)
e
µ2
a2
(0)
e
µ3
a3
(0)
V¯ µ1
(0)
F¯ µ2µ3
+2
(0)
e
µ1
a1
(0)
e
µ2
a2
(1)
e
µ3
a3
(0)
V¯ µ1
(0)
F¯ µ2µ3 +
(0)
e
µ1
a1
(0)
e
µ2
a2
(0)
e
µ3
a3
(1)
V¯ µ1
(0)
F¯ µ2µ3
+
(0)
e
µ1
a1
(0)
e
µ2
a2
(0)
e
µ3
a3
(0)
V¯ µ1
(1)
F¯ µ2µ3
)]
+q2δ
D
5 ε
a1a2a3a4a5
[
(1)√−g(0)e
µ1
a1
· · · (0)e
µ5
a5
(0)
V¯ µ1
(0)
F¯ µ2µ3
(0)
F¯ µ4µ5
(0)
+
√−g
(
(1)
e
µ1
a1
(0)
e
µ2
a2
· · · (0)e
µ5
a5
(0)
V¯ µ1
(0)
F¯ µ2µ3
(0)
F¯ µ4µ5
+4
(0)
e
µ1
a1
· · · (0)e
µ4
a4
(1)
e
µ5
a5
(0)
V¯ µ1
(0)
F¯ µ2µ3
(0)
F¯ µ4µ5
+
(0)
e
µ1
a1
· · · (0)e
µ5
a5
(1)
V¯ µ1
(0)
F¯ µ2µ3
(0)
F¯ µ4µ5
+2
(0)
e
µ1
a1
· · · (0)e
µ5
a5
(0)
V¯ µ1
(0)
F¯ µ2µ3
(1)
F¯ µ4µ5
)]
, (171)
with
(1)
V¯ µ =
(1)
e
a
µVa,
(2)
F¯µν = ∂[µ
(
(2)
e
a
ν]Va
)
. (172)
From the expressions of L(int)1 and L(int)2 , we observe that the first three terms
from the full interacting Lagrangian in case I
L(int)I = L(vect)0 + kL(int)1 + k2L(int)2 + · · · (173)
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coincide with the first orders of the Lagrangian describing the standard vector
field-graviton cross-couplings from General Relativity
L(vector−graviton) = −1
4
√−ggµνgρλF¯µρF¯νλ + k
(
q1δ
D
3 ε
µ1µ2µ3 V¯µ1F¯µ2µ3
+q2δ
D
5 ε
µ1µ2µ3µ4µ5 V¯µ1 F¯µ2µ3F¯µ4µ5
)
, (174)
where the fully deformed field strength F¯µν and the Levi-Civita symbol with
curved indices εµ1...µD are given by
F¯µν = ∂[µ
(
eaν]Va
) ≡ (0)F¯µν + k (1)F¯µν + k2 (2)F¯µν + · · ·
= ∂[µ
(
(0)
e
a
ν]Va
)
+ k∂[µ
(
(1)
e
a
ν]Va
)
+ k2∂[µ
(
(2)
e
a
ν]Va
)
+ · · · , (175)
εµ1...µD =
√−geµ1a1 · · · eµDaD εa1...aD . (176)
The self-interactions of the Pauli-Fierz field at orders one and two in the
coupling constant, L(PF)1,2 , result from the terms of antighost number zero
present in S
(PF)
1 and S
(PF)
2 (see (120) and (126)), so the full Lagrangian
describing the self-interactions of the graviton in case I starts like
L˜(PF)I = L(PF)0 + kL(PF)1 + k2L(PF)2 + . . . , (177)
where L(PF)0 is the Pauli-Fierz Lagrangian. Using (166)–(168), one finds
that the first three terms from L˜(PF)I are nothing but the first orders of the
Einstein-Hilbert Lagrangian with a cosmological term [14]
L(EH) = 2
k2
√−g (R− 2k2Λ) , (178)
where R is the full scalar curvature.
As explained in the beginning of this section, the terms present in (162)
(see (17), (120), and (126)) that are linear in the antifields V ∗µ provide the
deformed gauge transformations of the vector field
δ(I)ǫ Vα =
(
δµα −
k
2
hµα +
3k2
8
hµνh
ν
α + · · ·
)
∂µǫ+
[
k
2
∂[αǫβ]
+k2
(
−1
4
(
∂[αhβ]γ
)
ǫγ +
1
8
hγ[α∂β]ǫ
γ +
1
8
(
∂γǫ[α
)
hγ
β]
)
V β + · · ·
]
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+ (∂µVα)
(
kδµβ −
k2
2
hµβ +
3k3
8
hµνh
ν
β + · · ·
)
ǫβ. (179)
In the last formula the indices of the one-form, even if written in Latin letters,
are flat. In standard, Latin notation the above gauge transformations can be
written as
δ(I)ǫ Va =
(0)
δ ǫVa + k
(1)
δ ǫVa + k
2
(2)
δ ǫVa + · · · ,
where the first orders of the gauge transformations read as
(0)
δ ǫVa =
(0)
e
µ
a∂µǫ, (180)
(1)
δ ǫVa =
(1)
e
µ
a∂µǫ+
(0)
ǫ abV
b + (∂µVa)
(0)
ǫ¯
µ
, (181)
(2)
δ ǫVa =
(2)
e
µ
a∂µǫ+
(1)
ǫ abV
b + (∂µVa)
(1)
ǫ¯
µ
(182)
and the various orders of the gauge parameters are expressed by
(0)
ǫ¯
µ
= ǫµ ≡ ǫaδµa ,
(1)
ǫ¯
µ
= −1
2
ǫahµa , (183)
(0)
ǫ ab =
1
2
∂[aǫb], (184)
(1)
ǫ ab = −1
4
ǫc∂[ahb]c +
1
8
hc[a∂b]ǫc +
1
8
(
∂cǫ[a
)
hcb]. (185)
Based on the above notations, we can re-write the gauge transformations of
the vector field with a flat index as
δ(I)ǫ Va =
(
(0)
e
µ
a + k
(1)
e
µ
a + · · ·
)
∂µǫ+ k
(
(0)
ǫ ab + k
(1)
ǫ ab + · · ·
)
V b
+k (∂µVa)
(
(0)
ǫ¯
µ
+ k
(1)
ǫ¯
µ
+ · · ·
)
. (186)
The gauge parameters
(0)
ǫ ab and
(1)
ǫ ab are precisely the first two terms from
the Lorentz parameters expressed in terms of the flat parameters ǫa via the
partial gauge-fixing (163). Indeed, (163) leads to
δǫ
(
σµ[ae
µ
b]
)
= 0. (187)
Using
δǫe
µ
a = ǫ¯
ρ∂ρe
µ
a − eρa∂ρǫ¯µ + ǫ ba eµb (188)
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and inserting (164) together with the expansions
ǫ¯µ =
(0)
ǫ¯
µ
+ k
(1)
ǫ¯
µ
+ · · · =
(
δµa −
k
2
hµa + · · ·
)
ǫa, (189)
ǫab =
(0)
ǫ ab + k
(1)
ǫ ab + · · · (190)
in (187), we arrive precisely at (184) and (185). At this point it is easy to see
that the first orders of the gauge transformations (186) coincide with those
arising from the perturbative expansion of the formula
δ(I)ǫ Va = e
µ
a∂µǫ+ kǫabV
b + k (∂µVa) ǫ¯
µ. (191)
Concerning the vector field with a curved index V¯µ
V¯µ = e
a
µVa, (192)
its gauge transformations will be correctly described at the level of the first
orders in the coupling constant by the well-known gauge transformations
δ(I)ǫ V¯µ = ∂µǫ+ k (∂µǫ¯
ν) V¯ν + k
(
∂ν V¯µ
)
ǫ¯ν (193)
of the vector field (in interaction with the Einstein-Hilbert graviton) from
General Relativity. Finally, from the terms present in (162) linear in the
Pauli-Fierz antifields h∗µν (see (17), (120), and (126)) one infers that the
deformed gauge transformations of the metric tensor (168) reproduce the
first orders of diffeomorphisms
δ(I)ǫ gµν = kǫ(µ;ν), (194)
where ǫµ;ν is the (full) covariant derivative of ǫµ.
So far, we argued that in the first case the consistent interactions between
a graviton and a vector field are described in all D > 2 dimensions by the
first orders of the Lagrangian and gauge transformations prescribed by the
standard rules of General Relativity (see (174), (178), (193), and (194)). Our
result follows as a consequence of applying a cohomological procedure based
on the“free” BRST symmetry in the presence of a few natural assumptions:
locality, smoothness in the coupling constant, Poincare´ invariance, Lorentz
covariance, and preservation of the number of derivatives on each field. Gen-
eral covariance was not imposed a priori, but was gained in a natural way
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from the cohomological setting developed here under the previously men-
tioned hypotheses. It can be shown that formulas (174), (178), (193), and
(194) apply in fact to all orders in the coupling constant, so we can state
that the fully interacting Lagrangian action in case I reads as
SL(I)
[
gµν , V¯µ
]
=
∫
dDx
[
2
k2
√−g (R − 2k2Λ)− 1
4
√−ggµνgρλF¯µρF¯νλ
+k
(
q1δ
D
3 ε
µ1µ2µ3 V¯µ1 F¯µ2µ3 + q2δ
D
5 ε
µ1µ2µ3µ4µ5 V¯µ1F¯µ2µ3F¯µ4µ5
)]
(195)
and is invariant under the deformed gauge transformations
δ(I)ǫ gµν = kǫ(µ;ν), δ
(I)
ǫ V¯µ = ∂µǫ+ k (∂µǫ¯
ν) V¯ν + k
(
∂ν V¯µ
)
ǫ¯ν . (196)
The validity of (195) and (196) to all orders in the coupling constant can be
done by developing the same technique used in Section 7 of [14].
4.4.2 Case II: new couplings in D = 3
As discussed in Section 4.3.2, the second case of interest allowing for non-
trivial, consistent couplings between a Pauli-Fierz field and a vector field is
pictured by the deformed solution to the master equation given in (153). We
can re-write the deformation in a more convenient way by adding to (153)
some s-exact terms, since we know that this does not affect the physical con-
tent of the coupled model (see (24)). Because the most general couplings in
case II are obtained in subcase II.1.1, described by conditions (145), we will
denote the deformed solution (153) to which we add the previously mentioned
s-exact terms and where we set y3 = 1 by S
(II)
S(II) ≡ S(II.1.1)∣∣
y3=1
− s
[
2k2
∫
d3x (h∗µνhµν + η
∗µηµ)
]
=
∫
d3x
[
L(PF)0 −
1
4
FµνF
µν − 2kΛh
−kF µνεµνρ∂[θhρ]θ + 2k2
(
∂[µhρ]µ
)
∂[νh
ν
ρ]
+h∗µν∂(µην) + V
∗µ
(
∂µη + kεµνρ∂
[νηρ]
)]
. (197)
Essentially, it is not trivial and is consistent to all orders in the coupling
constant, namely (
S(II), S(II)
)
= 0. (198)
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From the terms of antighost number zero we deduce the Lagrangian action
of the coupled model
SL(II)[hµν , Vµ] =
∫
d3x
[
L(PF)0 −
1
4
FµνF
µν − 2kΛh
−kF µνεµνρ∂[θhρ]θ + 2k2
(
∂[µhρ]µ
)
∂[νh
ν
ρ]
]
, (199)
where L(PF)0 is the Pauli-Fierz Lagrangian and Λ is the cosmological constant.
The component of antighost number one provides the gauge symmetries of
(199) (see the discussion from the preamble of Section 4.4)
δ(II)ǫ hµν = ∂(µǫν), δ
(II)
ǫ Vµ = ∂µǫ+ kεµνρ∂
[νǫρ]. (200)
The absence of terms of antighost number strictly greater than one shows
that the above gauge transformations are independent (irreducible) and their
algebra remains Abelian, like the original one. Action (199) can be set in a
more suggestive form by introducing a deformed field strength
F ′µν = Fµν + 2kεµνρ∂
[θh
ρ]
θ, (201)
in terms of which we can write
SL(II)[hµν , Vµ] =
∫
d3x
(
L(PF)0 − 2kΛh−
1
4
F ′µνF
′µν
)
. (202)
Under this form, action (202) is manifestly invariant under the gauge trans-
formations (200): its first two terms are known to be invariant under lin-
earized diffeomorphisms and the third is gauge-invariant under (200) since
the deformed field strength is so
δ(II)ǫ F
′
µν = 0. (203)
This result is new and will be generalized in Section 6 to the case of
couplings between a graviton and an arbitrary p-form. In conclusion, this
case yields another possibility to establish nontrivial couplings between the
Pauli-Fierz field and a vector field. It is complementary to case I (General
Relativity) and is valid only in D = 3. The resulting Lagrangian action
and gauge transformations are not series in the coupling constant. The
Lagrangian contains pieces of maximum order two in the coupling constant,
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which are mixing-component terms (there is no interaction vertex at least
cubic in the fields) and emphasize the deformation of the standard Abelian
field strength of the vector field like in (201). Concerning the new gauge
transformations, only those of the massless vector field are modified at order
one in the coupling constant by adding to the original U (1) gauge symmetry
a term linear in the antisymmetric first-order derivatives of the Pauli-Fierz
gauge parameters. As a consequence, the gauge algebra, defined by the
commutators among the deformed gauge transformations, remains Abelian,
just like for the free theory. We cannot stress enough that these two cases
(I and II) cannot coexist, even in D = 3, due to the consistency conditions
(114)–(116).
5 No cross-couplings in multi-graviton theo-
ries intermediated by a vector field
As it has been proved in [14], there are no direct cross-couplings that can be
introduced among a finite collection of gravitons and also no cross-couplings
among different gravitons intermediated by a scalar field. Similar conclusions
have been drawn in [15, 16] related to the couplings between a finite collection
of spin-two fields and a Dirac or a massive Rarita-Schwinger field. In this sec-
tion, under the same hypotheses like before, namely, locality, smoothness in
the coupling constant, Poincare´ invariance, Lorentz covariance, and preserva-
tion of the number of derivatives on each field, we investigate the existence of
cross-couplings among different gravitons intermediated by a massless vector
field. The Greek field indices are (Lorentz) flat: they are lowered and raised
with a flat metric of ‘mostly plus’ signature, σµν = (−+ . . .+).
5.1 First- and second-order deformations. Consistency
conditions
5.1.1 Generalities
We start now from a finite sum of Pauli-Fierz actions and a single Maxwell
action in D > 2
SL0
[
hAµν , Vµ
]
=
∫
dDx
[
−1
2
(
∂µh
A
νρ
)
∂µhνρA + (∂µh
µρ
A ) ∂
νhAνρ
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− (∂µhA) ∂νhνµA + 12 (∂µhA) ∂µhA − 14FµνF µν
]
, (204)
where hA is the trace of the Pauli-Fierz field h
µν
A (hA = σµνh
µν
A ), with A = 1, n
and n > 1. The collection indices A, B, etc., are raised and lowered with a
quadratic form kAB that determines a positively-defined metric in the internal
space. It can always be normalized to δAB by a simple linear field redefinition,
so from now on we take kAB = δAB and re-write (204) as
SL0
[
hAµν , Vµ
]
=
∫
dDx
[
n∑
A=1
L(PF)0
(
hAµν , ∂λh
A
µν
)
+ L(vect)0
]
, (205)
where L(PF)0
(
hAµν , ∂λh
A
µν
)
is the Pauli-Fierz Lagrangian for the graviton A.
Action (204) is invariant under the gauge transformations
δǫh
A
µν = ∂(µǫ
A
ν), δǫVµ = ∂µǫ. (206)
The BRST complex comprises the fields, ghosts, and antifields
Φˆα0 = (hAµν , Vµ), ηˆα1 = (η
A
µ , η), (207)
Φˆ∗α0 = (h
∗µν
A , V
∗µ), ηˆ∗α1 = (η∗µA , η
∗), (208)
whose degrees are the same like in the case of a single Pauli-Fierz field. The
BRST differential decomposes exactly like in (5) and its components act on
the BRST generators via the relations
δh∗µνA = 2H
µν
A , δV
∗µ = −∂νF νµ, (209)
δη∗µA = −2∂νh∗νµA , δη∗ = −∂µV ∗µ, (210)
δΦˆα0 = 0, δηˆα1 = 0, (211)
γΦˆ∗α0 = 0, γηˆ
∗α1 = 0, (212)
γhAµν = ∂(µη
A
ν), γVµ = ∂µη, (213)
γηAµ = 0, γη = 0, (214)
where HµνA = K
µν
A − 12σµνKA is the linearized Einstein tensor of the Pauli-
Fierz field hµνA . The solution to the master equation for this free model takes
the simple form
S¯ ′ = SL0
[
hAµν , Vµ
]
+
∫
dDx
(
h∗µνA ∂(µη
A
ν) + V
∗µ∂µη
)
. (215)
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5.1.2 First-order deformation
The first-order deformation of the solution to the master equation decom-
poses like in the case of a single graviton in a sum of three independent
components
aˆ = aˆ(PF) + aˆ(int) + aˆ(vect). (216)
The first-order deformation in the Pauli-Fierz sector, aˆ(PF), can be shown to
expand as
aˆ(PF) = aˆ
(PF)
2 + aˆ
(PF)
1 + aˆ
(PF)
0 , (217)
where
aˆ
(PF)
2 =
1
2
fABCη
∗µ
A η
Bν∂[µη
C
ν], (218)
with fABC some real constants. The requirement that aˆ
(PF)
2 produces a consis-
tent aˆ
(PF)
1 as solution to the equation δaˆ
(PF)
2 +γaˆ
(PF)
1 = ∂µmˆ
(PF)µ
1 restricts the
coefficients fABC to be symmetric with respect to their lower indices (commu-
tativity of the algebra defined by fABC) [14]
8
fABC = f
A
CB. (219)
Based on (219), it follows that
aˆ
(PF)
1 = f
A
BCh
∗µρ
A
((
∂ρη
Bν
)
hCµν − ηBν∂[µhCν]ρ
)
. (220)
Asking that aˆ
(PF)
1 provides a consistent aˆ
(PF)
0 as solution to the equation
δaˆ
(PF)
1 + γaˆ
(PF)
0 = ∂µmˆ
(PF)µ
0 further constrains the coefficients with lowered
indices, fABC = kADf
D
BC ≡ δADfDBC , to be fully symmetric [14]9
fABC =
1
3
f(ABC). (221)
From (221) we obtain that aˆ
(PF)
0 coincides with that from [14] (where it is
denoted by a0 and the coefficients fABC by aabc)
aˆ
(PF)
0 = fABC aˆ
(cubic)ABC
0 − 2ΛAhA, (222)
8The term (218) differs from that corresponding to [14] through a γ-exact term, which
does not affect (219).
9The piece (220) differs from that corresponding to [14] through a δ-exact term, which
does not change (221).
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where aˆ
(cubic)ABC
0 contains only vertices that are cubic in the Pauli-Fierz fields
and reduce to the cubic Einstein-Hilbert vertex in the absence of collection
indices. ΛA play the role of cosmological constants. Employing exactly the
same line like in 4.2, we find that the first-order deformation giving the
cross-couplings between the gravitons and the vector fields ends at antighost
number one
aˆ(int) = aˆ
(int)
1 + aˆ
(int)
0 , (223)
where
aˆ
(int)
1 = y2A
[
h∗Aη − (D − 2)V ∗ληAλ
]
+yA3 δ
D
3 εµνρV
∗µ∂[νη
ρ]
A + pAV
∗µFµνη
Aν , (224)
aˆ
(int)
0 = (D − 2) y2AV λ∂[µhA µλ] + yA3 δD3 εµνρF λµ∂[νhρ]A λ
+
pA
2
(
F αµF νµ h
A
αν +
1
4
F αµFαµh
A
)
(225)
and y2A, y
A
3 together with pA are some arbitrary, real constants. Like in
Section 4.2, we eliminate some s-exact modulo d terms from aˆ(int) and work
with
aˆ′(int) = aˆ(int) + s
[
pA
(
η∗V µηAµ +
1
2
V ∗µV νhAµν
)]
− ∂µtˆµ. (226)
The component aˆ(vect) coincides with that from Section 4.2 (see (46))
aˆ(vect) = a(vect) = q1δ
D
3 ε
µνλVµFνλ + q2δ
D
5 ε
µνλαβVµFνλFαβ . (227)
Putting together (217) and (223)–(227) with the help of (216), we can
write the first-order deformation of the solution to the master for a single
vector field and a collection of Pauli-Fierz fields like
Sˆ1 = Sˆ
(PF)
1 + Sˆ
(int)
1 , (228)
where
Sˆ
(PF)
1 ≡
∫
dDx
(
aˆ
(PF)
2 + aˆ
(PF)
1 + aˆ
(PF)
0
)
=
∫
dDx
{
1
2
fABCη
∗µ
A η
Bν∂[µη
C
ν] + f
A
BCh
∗µρ
A
[(
∂ρη
Bν
)
hCµν
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−ηBν∂[µhCν]ρ
]
+ fABC aˆ
(cubic)ABC
0 − 2ΛAhA
}
, (229)
Sˆ
(int)
1 ≡
∫
dDx
(
aˆ′(int) + aˆ(vect)
)
=
∫
dDx
{
y2A
[
h∗Aη + (D − 2)
(
−V ∗ληAλ + V λ∂[µhAµλ]
)]
+yA3 δ
D
3 εµνρ
(
V ∗µ∂[νη
ρ]
A + F
λµ∂[νh
ρ]
A λ
)
+ pA
[
η∗ηAµ ∂
µη
−1
2
V ∗µ
(
V ν∂[µη
A
ν] + 2 (∂νVµ) η
Aν − hAµν∂νη
)
+
1
8
F µν
(
2∂[µ
(
hAν]ρV
ρ
)
+ Fµνh
A − 4FµρhAρν
)]
+q1δ
D
3 ε
µνλVµFνλ + q2δ
D
5 ε
µνλαβVµFνλFαβ
}
. (230)
It is parameterized by seven types of real, constant coefficients, namely fABC ,
ΛA, y2A, y
A
3 δ
D
3 , pA, q1δ
D
3 , and q2δ
D
5 , with f
A
BC fully symmetric (see (221)).
5.1.3 Consistency of the first-order deformation
Next, we investigate the consistency of the first-order deformation, expressed
by equation (22), with S1,2 replaced by Sˆ1,2(
Sˆ1, Sˆ1
)
+ 2sSˆ2 = 0. (231)
We decompose the second-order deformation as
Sˆ2 = Sˆ
(PF)
2 + Sˆ
(int)
2 , (232)
where Sˆ
(PF)
2 is responsible only for the self-interactions of the Pauli-Fierz
fields and Sˆ
(int)
2 for the cross-couplings between the gravitons and the vector
field. Using (228), we find that (231) becomes equivalent with two indepen-
dent equations
(
Sˆ
(PF)
1 , Sˆ
(PF)
1
)
+
(
Sˆ
(int)
1 , Sˆ
(int)
1
)(PF)
+ 2sSˆ
(PF)
2 = 0, (233)
2
(
Sˆ
(PF)
1 , Sˆ
(int)
1
)
+
(
Sˆ
(int)
1 , Sˆ
(int)
1
)(int)
+ 2sSˆ
(int)
2 = 0, (234)
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where
(
Sˆ
(int)
1 , Sˆ
(int)
1
)(PF)
contains only Pauli-Fierz BRST generators and each
term of
(
Sˆ
(int)
1 , Sˆ
(int)
1
)(int)
includes at least one BRST generator from the
Maxwell sector.
Initially, we analyze the existence of Sˆ
(PF)
2 , governed by equation (233).
By direct computation we find
(
Sˆ
(int)
1 , Sˆ
(int)
1
)(PF)
= −2s
∫
dDx
[
y2Ay2B
(D − 2)2
4
(
hAhB − hAµνhBµν
)
+y2Ay
B
3 δ
D
3 (D − 2) εµνρhAµλ
(
∂[νh
ρ]λ
B
)
+ yA3 y3Bδ
D
3
(
∂[νh
ρ]λ
A
)
∂[νh
B
ρ]λ
]
≡ −2s
(
Sˆ
(PF)
2 (y2Ay2B) + Sˆ
(PF)
2
(
y2Ay
B
3
)
+ Sˆ
(PF)
2
(
yA3 y3B
))
, (235)
where
Sˆ
(PF)
2 (y2Ay2B) = y2Ay2B
(D − 2)2
4
∫
dDx
(
hAhB − hAµνhBµν
)
, (236)
Sˆ
(PF)
2
(
y2Ay
B
3
)
= y2Ay
B
3 δ
D
3 (D − 2) εµνρ
∫
dDxhAµλ
(
∂[νh
ρ]λ
B
)
, (237)
Sˆ
(PF)
2
(
yA3 y
B
3
)
= yA3 y3Bδ
D
3
∫
dDx
(
∂[νh
ρ]λ
A
)
∂[νh
B
ρ]λ. (238)
Replacing (235) into (233), it becomes equivalent to(
Sˆ
(PF)
1 , Sˆ
(PF)
1
)
+ 2s
[
Sˆ
(PF)
2 − Sˆ(PF)2 (y2Ay2B)
−Sˆ(PF)2
(
y2Ay
B
3
)− Sˆ(PF)2 (yA3 yB3 )] = 0, (239)
so the existence of Sˆ
(PF)
2 requires that
(
Sˆ
(PF)
1 , Sˆ
(PF)
1
)
is s-exact, where Sˆ
(PF)
1
reads as in (229). It has been shown in [14] (Section 5.4) that this requirement
restricts the coefficients fCAB to satisfy the supplementary conditions
fDA[B f
E
C]D = 0. (240)
Combining (219), (221), and (240), we conclude that the coefficients fCAB
define the structure constants of a real, commutative, symmetric, and asso-
ciative (finite-dimensional) algebra. The analysis realized in [14] (Section 6)
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shows that such an algebra has a trivial structure: it is a direct sum of one-
dimensional ideals. Therefore, fCAB = 0 whenever two indices are different
fCAB = 0, if (A 6= B or B 6= C or C 6= A) . (241)
For notational simplicity, we denote fABC for A = B = C by
fAAA ≡ fA without summation over A. (242)
Using (241), it follows that
(
Sˆ
(PF)
1 , Sˆ
(PF)
1
)
cannot couple different gravitons:
it will be written as a sum of s-exact terms, each term involving a single
graviton
(
Sˆ
(PF)
1 , Sˆ
(PF)
1
)
= −2s
{
n∑
A=1
fA
[
fAS
(EH−quartic)A
2 + ΛA
∫
dDx
(
hAµνhAµν
−1
2
(
hA
)2)]} ≡ −2s n∑
A=1
Sˆ
(PF)
2
(
f 2A, fAΛA
)
. (243)
Each S
(EH−quartic)A
2 is the second-order Einstein-Hilbert deformation in the
sector of the graviton A. It includes the quartic Einstein-Hilbert Lagrangian
for the field hAµν and is written only in terms of the BRST generators from
the A sector, namely hAµν , η
Aµ, and their antifields. Also, it is important
to note that (241) restricts Sˆ
(PF)
1 to have the same property (see (229)) of
being written as a sum of individual components, each component involving
a single graviton sector
Sˆ
(PF)
1 =
n∑
A=1
{
fA
∫
dDx
[
1
2
η∗AµηAν∂[µη
A
ν] + h
∗Aµρ
[(
∂ρη
Aν
)
hAµν
−ηAν∂[µhAν]ρ
]
+ aˆ
(EH−cubic)A
0
]}
− 2
n∑
A=1
(
ΛA
∫
dDxhA
)
. (244)
Now, aˆ
(EH−cubic)A
0 is nothing but the cubic Einstein-Hilbert Lagrangian in-
volving only the graviton field hAµν . Substituting (243) into (239) we find the
equation
s
[
Sˆ
(PF)
2 − Sˆ(PF)2 (y2Ay2B)− Sˆ(PF)2
(
y2Ay
B
3
)
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−Sˆ(PF)2
(
yA3 y
B
3
)− n∑
A=1
Sˆ
(PF)
2
(
f 2A, fAΛA
)]
= 0, (245)
whose solution reads as (up to the solution of the homogeneous equation,
sSˆ
′(PF)
2 = 0, which can be incorporated into (244) by a suitable redefinition
of the constants involved)
Sˆ
(PF)
2 = Sˆ
(PF)
2 (y2Ay2B) + Sˆ
(PF)
2
(
y2Ay
B
3
)
+ Sˆ
(PF)
2
(
yA3 y
B
3
)
+
n∑
A=1
Sˆ
(PF)
2
(
f 2A, fAΛA
)
. (246)
Inspecting (244) and (246), we observe that the latter component contains
at this stage three pieces that mix different graviton sectors, namely those
proportional with yiAyjB for i, j = 2, 3 and A 6= B.
Next, we approach the solution Sˆ
(int)
2 to equation (234). We act like in
Section 4.3. If we make the notations
2
(
Sˆ
(PF)
1 , Sˆ
(int)
1
)
+
(
Sˆ
(int)
1 , Sˆ
(int)
1
)(int)
≡
∫
dDx ∆ˆ(int), (247)
Sˆ
(int)
2 ≡
∫
dDx bˆ(int), (248)
then equation (234) takes the local form
∆ˆ(int) = −2sbˆ(int) + ∂µnˆµ. (249)
Developing ∆ˆ(int) according to the antighost number, we obtain that
∆ˆ(int) =
2∑
I=0
∆ˆ
(int)
I , agh
(
∆ˆ
(int)
I
)
= I, I = 0, 2, (250)
with
∆ˆ
(int)
2 = γ
[
η∗
(
pApB (∂
µη) ηAνhBµν
− (fCABpC + pApB)V µηAν∂[µηBν])]+ ∂µwˆµ2 , (251)
∆ˆ
(int)
1 = δ
[
η∗
(
pApB (∂
µη) ηAνhBµν −
(
fCABpC + pApB
)
V µηAν∂[µη
B
ν]
)]
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+γ
{
pApBV
∗µ
[
(∂νVµ) h
Aν
ρη
Bρ +
1
2
(
∂[µh
A
ν]ρ
)
V νηBρ
−1
4
V νhAρ[µ
(
∂ν]η
B
ρ
)− 1
4
V ν
(
∂ρη
A
[µ
)
hB ρ
ν] −
3
4
hAνµ h
B ρ
ν ∂ρη
]
+
1
2
(
fCABpC + pApB
)
V ∗µV ν
[(
∂[µh
A
ρ]ν + ∂[νh
A
ρ]µ
)
ηBρ
−hAρµ ∂νηBρ − hAρν ∂µηBρ
]− δD3 εµνρV ∗µ [y3CfCABhAλν ∂[ρηBλ]
+
(
2y3BpA + y3Cf
C
AB
)
ηAλ∂[νh
B
ρ]λ
]
+y2ApBV
∗µ
[
(D − 2) hAµνηBν − δABVµη
]
−h∗Aµν [y2CfCAB (hBµνη + 2VµηBν )− 2 (y2ApB + y2CfCAB)σµνV ρηBρ ]}
− (fCABpC + pApB)V ∗µF µνηAρ∂[ρηBν] + V ∗µ [(y3ApB + y3BpA
+y3Cf
C
AB
)
δD3 ε
µνρ
(
∂[νη
A
λ]
)
∂[ρη
B
τ ]σ
λτ + (y2ApB + y2BpA
+y2Cf
C
AB
)
(D − 2)σµν (∂[νηAρ]) ηBρ]+ ∂µwˆµ1 , (252)
∆ˆ
(int)
0 = δ
{
pApBV
∗µ
[
(∂νVµ) h
Aν
ρη
Bρ +
1
2
(
∂[µh
A
ν]ρ
)
V νηBρ
−1
4
V νhAρ[µ
(
∂ν]η
B
ρ
)− 1
4
V ν
(
∂ρη
A
[µ
)
hB ρ
ν] −
3
4
hAνµ h
B ρ
ν ∂ρη
]
+
1
2
(
fCABpC + pApB
)
V ∗µV ν
[(
∂[µh
A
ρ]ν + ∂[νh
A
ρ]µ
)
ηBρ
−hAρµ ∂νηBρ − hAρν ∂µηBρ
]
+
16
D − 2y3Aq1δ
D
3 h
∗Aη
}
+γ
{pApB
8
[
Vρ
((
∂[µhAν]ρ
) (
∂[µh
B
ν]λ
)
V λ − 2 (∂[µhAν]ρ) hBλ[µ (∂ν]V λ))
+hA [µρ
(
∂ν]V ρ
)
hBλ[µ
(
∂ν]V
λ
)
+ F µνhAρλ
(
hBλ[µ
(
∂ν]Vρ
)− (∂[µhBλν]) Vρ)
+F µνhAρ[µ
(
∂ν]h
B λ
ρ
)
Vλ
]
+ pApBF
µν
[
Fµρh
Aλ
ν h
B ρ
λ +
1
16
Fµν
(
hAhB
−2hAρλhBρλ
)− hAρν ((∂[µhB λρ] )Vλ − hB λ[µ (∂ρ]Vλ))
+
1
2
(
F ρλhAµρh
B
νλ − FµρhAρνhB
)
+
1
4
((
∂[µh
A ρ
ν]
)
Vρ − hA ρ[µ
(
∂ν]Vρ
))
hB
]
+
1
4
(
fCABpC + pApB
)(
F µνFνρ +
1
4
δµρF
νλFνλ
)
hAµσh
Bσρ
+q1δ
D
3 pAε
µνλ
(
hAVµFνλ − 2hAαλ VµFνα + hAαµ VαFνλ
)
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+q2δ
D
5 pAε
µνλαβ
(
hAVµFνλFαβ − 4hAρβ VµFνλFαρ + 2hAρµ VρFνλFαβ
)
−16y3Aq1δD3 V ν∂[νhAρρ] − (D − 2) (D − 1) y2AyA2 VµV µ
}
−4q1δD3 y2A (D − 2) εµνρF µνηAρ − 6q2δD5 y2AεµνραβF µνF ραηAβ
+
1
2
(
fCABpC + pApB
)(
F µνFνρ +
1
4
δµρF
νλFνλ
)(
hAρσ∂[µη
B
σ]
−2∂[µhAρσ]ηBσ
)
+ y2A
[
−4DΛAη + fABCAˆ(int)BC0
(
∂∂Φˆα0Φˆβ0 ηˆα1
)
+pBBˆ
(int)AB
0
(
∂∂Φˆα0 Φˆβ0 ηˆα1
)]
+ y3Aδ
D
3
[
fABCCˆ
(int)BC
0
(
∂∂∂Φˆα0 Φˆβ0 ηˆα1
)
+pBDˆ
(int)AB
0
(
∂∂∂Φˆα0 Φˆβ0 ηˆα1
)]
+ ∂µwˆ
µ
0 . (253)
In (253) the functions Aˆ
(int)BC
0 , Bˆ
(int)AB
0 , Cˆ
(int)BC
0 , and Dˆ
(int)AB
0 are linear in
their arguments, just like in (90).
Acting exactly like in the case of a single graviton (see Section 4.3), we
deduce that bˆ(int) and nˆµ from (249) can be taken to stop at antighost number
two and one respectively
bˆ(int) =
2∑
I=0
bˆ
(int)
I , agh
(
bˆ
(int)
I
)
= I, I = 0, 2, (254)
nˆµ =
1∑
I=0
nˆµI , agh (nˆ
µ
I ) = I, I = 0, 1. (255)
If we make the notations
bˆ
(int)
2 = −
1
2
η∗
[
pApB (∂
µη) ηAνhBµν −
(
fCABpC + pApB
)
V µηAν∂[µη
B
ν]
]
+bˆ
′(int)
2 , (256)
bˆ
(int)
1 = −
pApB
2
V ∗µ
[
(∂νVµ) h
Aν
ρη
Bρ +
1
2
(
∂[µh
A
ν]ρ
)
V νηBρ
−1
4
V νhAρ[µ
(
∂ν]η
B
ρ
)− 1
4
V ν
(
∂ρη
A
[µ
)
hB ρ
ν] −
3
4
hAνµ h
B ρ
ν ∂ρη
]
−1
4
(
fCABpC + pApB
)
V ∗µV ν
[(
∂[µh
A
ρ]ν + ∂[νh
A
ρ]µ
)
ηBρ
−hAρµ ∂νηBρ − hAρν ∂µηBρ
]
+
1
2
δD3 ε
µνρV ∗µ
[
y3Cf
C
ABh
Aλ
ν ∂[ρη
B
λ]
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+
(
2y3BpA + y3Cf
C
AB
)
ηAλ∂[νh
B
ρ]λ
]
−1
2
y2ApBV
∗µ
[
(D − 2)hAµνηBν − δABVµη
]
+
1
2
h∗Aµν
[
y2Cf
C
AB
(
hBµνη + 2Vµη
B
ν
)− 2 (y2ApB
+y2Cf
C
AB
)
σµνV
ρηBρ
]− 8
D − 2y3Aq1δ
D
3 h
∗Aη + bˆ
′(int)
1 , (257)
bˆ
(int)
0 = −
pApB
16
[
Vρ
((
∂[µhAν]ρ
) (
∂[µh
B
ν]λ
)
V λ − 2 (∂[µhAν]ρ)hBλ[µ (∂ν]V λ))
+hA [µρ
(
∂ν]V ρ
)
hBλ[µ
(
∂ν]V
λ
)
+ F µνhAρλ
(
hBλ[µ
(
∂ν]Vρ
)
− (∂[µhBλν])Vρ)+ F µνhAρ[µ (∂ν]hB λρ )Vλ]
−pApB
2
F µν
[
Fµρh
Aλ
ν h
B ρ
λ +
1
16
Fµν
(
hAhB − 2hAρλhBρλ
)
−hAρν
((
∂[µh
B λ
ρ]
)
Vλ − hB λ[µ
(
∂ρ]Vλ
))
+
1
2
(
F ρλhAµρh
B
νλ
−FµρhAρνhB
)
+
1
4
((
∂[µh
A ρ
ν]
)
Vρ − hA ρ[µ
(
∂ν]Vρ
))
hB
]
−1
8
(
fCABpC + pApB
)(
F µνFνρ +
1
4
δµρF
νλFνλ
)
hAµσh
Bσρ
−pA
2
q1δ
D
3 ε
µνλ
(
hAVµFνλ − 2hAαλ VµFνα + hAαµ VαFνλ
)
−pA
2
q2δ
D
5 ε
µνλαβ
(
hAVµFνλFαβ − 4hAρβ VµFνλFαρ
+2hAρµ VρFνλFαβ
)
+ 8y3Aq1δ
D
3 V
ν∂[νh
Aρ
ρ]
+
1
2
(D − 2) (D − 1) (y2AyA2 )VµV µ + bˆ′(int)0 (258)
and take into account expansions (254)–(255) and (5), then equation (249)
becomes equivalent with the tower of equations
γbˆ
′(int)
2 = 0, (259)
δbˆ
′(int)
2 + γbˆ
′(int)
1 = ∂µρˆ
µ
1 +
1
2
χˆ1, (260)
δbˆ
′(int)
1 + γbˆ
′(int)
0 = ∂µρˆ
µ
0 +
1
2
χˆ0, (261)
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where ρˆµI =
1
2
(wˆµI − nˆµI ) and
χˆ1 = V
∗
µ
[− (fCABpC + pApB)F µνηAρ∂[ρηBν] + (y3ApB + y3BpA
+y3Cf
C
AB
)
δD3 ε
µνρ
(
∂[νη
A
λ]
)
∂[ρη
B
τ ]σ
λτ + (y2ApB + y2BpA
+y2Cf
C
AB
)
(D − 2)σµν (∂[νηAρ]) ηBρ] , (262)
χˆ0 = δ
{
δD3 ε
µνρV ∗µ
[
y3Cf
C
ABh
Aλ
ν ∂[ρη
B
λ] + (2y3BpA
+y3Cf
C
AB
)
ηAλ∂[νh
B
ρ]λ
]− y2ApBV ∗µ [(D − 2)hAµνηBν
−δABVµη
]
+ h∗Aµν
[
y2Cf
C
AB
(
hBµνη + 2Vµη
B
ν
)− 2 (y2ApB
+y2Cf
C
AB
)
σµνV
ρηBρ
]}− 4q1y2AδD3 (D − 2) εµνρF µνηAρ
−6q2y2AδD5 εµνραβF µνF ραηAβ +
1
2
(
fCABpC + pApB
)
(F µνFνρ
+
1
4
δµρF
νλFνλ
)(
hAρσ∂[µη
B
σ] − 2∂[µhAρσ]ηBσ
)
+y2A
[
−4DΛAη + fABCAˆ(int)BC0
(
∂∂Φˆα0Φˆβ0 ηˆα1
)
+pBBˆ
(int)AB
0
(
∂∂Φˆα0 Φˆβ0 ηˆα1
)]
+y3Aδ
D
3
[
fABCCˆ
(int)BC
0
(
∂∂∂Φˆα0 Φˆβ0 ηˆα1
)
+pBDˆ
(int)AB
0
(
∂∂∂Φˆα0 Φˆβ0 ηˆα1
)]
. (263)
The component Sˆ
(int)
2 , given by (248), is thus completely determined once we
compute bˆ(int), which expands as in (254). The only unknown components
from bˆ(int) are
(
bˆ
′(int)
I
)
I=0,2
appearing in formulas (256)–(258). They are
subject to equations (259)–(261). In conclusion, the final step needed in
order to construct Sˆ
(int)
2 is to solve equations (259)–(261).
Related to equation (260), we observe that the existence of bˆ
′(int)
2 and bˆ
′(int)
1
requires that (262) must be written as
χˆ1 = δϕˆ2 + γωˆ1 + ∂µ lˆ
µ
1 , (264)
where ϕˆ2, ωˆ1, and lˆ
µ
1 exhibit the same properties like the corresponding un-
hatted quantities from (106). We require that the second-order deformation
54
is local, so ϕˆ2, ωˆ1, and lˆ
µ
1 must be local functions. Assuming (264) is fulfilled,
we apply δ on it and find the necessary condition
δχˆ1 = γ (−δωˆ1) + ∂µ
(
δlˆµ1
)
. (265)
We do not insist on the investigation of equation (265), which can be done
by standard cohomological techniques, but simply state that it can be shown
to hold if the following conditions are simultaneously satisfied
F µνFνρ +
1
4
δµρFνλF
νλ = δΩµρ , (266)
F θµ = δΩ¯θµ, (267)
∂[µh
A θ
λ] = δΩ
Aθ
µλ , (268)(
∂[θh
A θ
ν]
)
∂[µhBν]µ −
(
∂[νhAθ]µ
)
∂νh
B
θµ = δΩ
AB. (269)
All the quantities denoted by Ω or Ω¯ must be local in order to produce local
deformations. It is easy to see, by arguments similar to those exposed in
the end of the preamble of Section 4.3, that none of equations (266)–(269)
is fulfilled (for local functions), so (265), and therefore (264), cannot hold
unless
χˆ1 = 0, (270)
which further implies the following equations
fCABpC + pApB = 0, (271)(
pAy3B + pBy3A + f
C
ABy3C
)
δD3 = 0, (272)
pAy2B + pBy2A + f
C
ABy2C = 0. (273)
We recall that the constants fCAB are not arbitrary. They have been restricted
previously to define the structure constants of a real, commutative, symmet-
ric, and associative (finite-dimensional) algebra, so in addition they satisfy
relations (241).
Let us analyze briefly the solutions to (271)–(273). Taking into account
(241) and recalling (242), equations (271)–(273) become equivalent to
pApB = 0, for all A 6= B, (274)
(pAy3B + pBy3A) δ
D
3 = 0, for all A 6= B, (275)
pAy2B + pBy2A = 0, for all A 6= B, (276)
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pA (fA + pA) = 0, without summation over A, (277)
(fA + 2pA) y3Aδ
D
3 = 0, without summation over A, (278)
(fA + 2pA) y2A = 0, without summation over A. (279)
Unlike Section 4.3, where we searched only the solutions relevant from the
point of view of deformations, here we must discuss all the solutions, since
our aim is to see whether they allow or not cross-couplings among different
gravitons. Inspecting (274)–(279), we observe that there appear two comple-
mentary cases related to the pA’s : either at least one is nonvanishing, say
p1, or all the pA’s vanish. In case I
p1 6= 0, (280)
so from (277) for A = 1 it follows that at least f1 is non-vanishing
f1 = −p1 6= 0, (281)
while (274) restricts all the other pB’s to vanish
pB = 0, B = 2, n. (282)
Thus, (275) and (276) for A = 1 and B 6= 1 imply
p1y3Bδ
D
3 = 0, p1y2B = 0, B = 2, n, (283)
while (278) and (279) for A = 1 together with (281) lead to
p1y31δ
D
3 = 0, p1y21 = 0. (284)
The last two sets of equations, (283) and (284), display a unique solution
y3Aδ
D
3 = 0 = y2A, A = 1, n. (285)
In case II
pA = 0, A = 1, n, (286)
equations (274)–(277) are identically satisfied, while the other two take the
simple form
fAy3Aδ
D
3 = 0, without summation over A, (287)
fAy2A = 0, without summation over A. (288)
Therefore, we have a single option, namely the set {1, 2, . . . , n} is divided
into two complementary subsets such that A =
(
A¯, A′
)
with A¯ 6= A′ and
(fA¯ = 0, y3A′δ
D
3 = 0, y2A′ = 0). Re-ordering the indices we can always write
fA¯ = 0, A¯ = 1, m, y3A′δ
D
3 = 0 = y2A′, A
′ = m+ 1, n. (289)
The above solution contains two limit situations: m = n and m = 0.
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5.2 Main cases. Coupled theories
5.2.1 Case I: no-go results in General Relativity
As we have discussed previously, the first case is governed by the solution
p1 = −f1 6= 0, (pB)B=2,n = 0,
(
y3Aδ
D
3
)
A=1,n
= 0 = (y2A)A=1,n , (290)
so the deformed solution to the master equation in all D > 2 spacetime di-
mensions is maximally parameterized by (fA)A=1,n, p1 = −f1 6= 0, (ΛA)A=1,n,
q1δ
D
3 , and q2δ
D
5 . Of course, it is possible that some of fB (for B 6= 1), ΛA, q1,
or q2 vanish. Inserting (290) into (263) we find
χˆ0 = 0. (291)
Combining this result with (270) we observe that the tower of equations
(259)–(261) takes the ‘homogeneous’ form
γbˆ
′(int)
2 = 0, (292)
δbˆ
′(int)
2 + γbˆ
′(int)
1 = ∂µρˆ
µ
1 , (293)
δbˆ
′(int)
1 + γbˆ
′(int)
0 = ∂µρˆ
µ
0 , (294)
so we can take
bˆ
′(int)
2 = bˆ
′(int)
1 = bˆ
′(int)
0 = 0 (295)
and incorporate the ‘homogeneous’ solution into the first-order deformation
Sˆ
(int)
1 (see (230)) through a suitable redefinition of the parameterizing con-
stants. At this point we act like in sections 4.3.1 and 4.4.1. Replacing (295)
and (290) into (230), (243), (244), (246), and (256)–(258) and regrouping the
terms from (228) and (232) with the help of (248) and (254), we find that
there are no cross-couplings among different gravitons intermediated by the
vector field. The vector field gets coupled to a single graviton (the first one
in our convention) and the resulting interactions fit the rules prescribed by
General Relativity.
The Lagrangian formulation of the coupled model can be completed by
imposing some gauge-fixing conditions similar to (163), one for each graviton
sector. If in addition we make the convention
f1 = 1 = −p1, (296)
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then the fully deformed solution to the master equation
Sˆ(I) = S¯ ′ + kSˆ
(I)
1 + k
2Sˆ
(I)
2 + · · · , (297)
where S¯ ′ is the“free” solution (215), leads to a Lagrangian action in which
a single graviton (A = 1) couples to the vector field Vµ according to the
standard coupling from General Relativity, while each of the other gravi-
tons (B = 2, n) interacts only with itself according to an Einstein-Hilbert
action (or possibly a Pauli-Fierz action if fB = 0) with a cosmological term.
Accordingly, in case I we obtain the Lagrangian action
SˆL(I)
[
hAµν , Vµ
]
=
∫
dDx
[
2
k2
√
−g1 (R1 − 2k2Λ1)
−1
4
√
−g1g1µνg1ρλF¯ 1µρF¯ 1νλ + k
(
q1δ
D
3 ε
1µ1µ2µ3 V¯ 1µ1F¯
1
µ2µ3
+q2δ
D
5 ε
1µ1µ2µ3µ4µ5 V¯ 1µ1F¯
1
µ2µ3
F¯ 1µ4µ5
)]
+
n∑
B=2
[∫
dDx
2
k2B
√
−gB (RB − 2kkBΛB)
]
≡ SˆL(I) [g1µν , V¯ 1µ ]+ n∑
B=2
SˆL(E−H)
[
gBµν
]
, (298)
where V¯ 1µ and F¯
1
µν are ‘curved’ with the vielbein fields from the first graviton
sector
V¯ 1µ = e
1a
µ Va, F¯
1
µν = ∂[µ
(
e1aν] Va
)
, (299)
ε1µ1µ2...µD =
√
−g1e1µ1a1 · · · e1µDaD εa1...aD . (300)
The notations RA and gA (A = 1, n) denote the full scalar curvature and the
determinant of the metric tensor gAµν = σµν+kAh
A
µν (without summation over
A) from the A-th graviton sector respectively, while kB = kfB, B = 2, n. The
final conclusion is that in the first case there is no cross-interaction among
different gravitons to all orders in the coupling constant.
5.2.2 Case II: no-go results for the new couplings in D = 3
The second case is subject to the conditions
(pA)A=1,n = 0, (fA¯)A¯=1,m = 0,
(
y3A′δ
D
3
)
A′=m+1,n
= 0 = (y2A′)A′=m+1,n ,
(301)
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so the deformed solution to the master equation is maximally parameter-
ized by (fA′)A′=m+1,n,
(
y3A¯δ
D
3
)
A¯=1,m
, (y2A¯)A¯=1,m, (ΛA)A=1,n, q1δ
D
3 , and q2δ
D
5 .
Substituting (301) into (263), it follows that
χˆ0 = −4q1δD3 y2A¯ (D − 2) εµνρF µνηA¯ρ − 6q2δD5 y2A¯εµνραβF µνF ραηA¯β
−
(
m∑
A¯=1
y2A¯Λ
A¯
)
4Dη. (302)
Reasoning exactly like in the case of formulas (128) and (154), we deduce that
equation (261) demands an equation of the type (129), χˆ0 = δϕˆ1+γωˆ0+∂µ lˆ
µ
0 ,
which cannot be satisfied for local ϕˆ1, ωˆ0, and lˆ
µ
0 unless
χˆ0 = 0, (303)
which further requires
(
q1δ
D
3 y2A¯
)
A¯=1,m
= 0,
(
q2δ
D
5 y2A¯
)
A¯=1,m
= 0,
m∑
A¯=1
(
y2A¯Λ
A¯
)
= 0. (304)
Clearly, there are two distinct solutions to the above equations
q1δ
D
3 = 0 = q2δ
D
5 ,
m∑
A¯=1
(
y2A¯Λ
A¯
)
= 0, (305)
y2A¯ = 0, A¯ = 1, m, (306)
deserving separate analyses. In each subcase (270) and (303) hold, such
that equations (259)–(261) take the ‘homogeneous’ form (292)–(294), whose
solution can be taken of the form (295).
Subcase II.1 From (301) and (305) we observe that the deformed solu-
tion to the master equation is maximally parameterized in this situation by
(fA′)A′=m+1,n,
(
y3A¯δ
D
3
)
A¯=1,m
, (y2A¯)A¯=1,m, and (ΛA)A=1,n, where in addition
the first m cosmological constants are restricted to satisfy the condition
m∑
A¯=1
(
y2A¯Λ
A¯
)
= 0. (307)
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Consequently, the first- and second-order deformations of the solution to the
master equation, (228) and (232), read as
Sˆ
(II.1)
1 =
n∑
A′=m+1
{∫
dDx
{
fA′
[
1
2
η∗A
′µηA
′ν∂[µη
A′
ν] + h
∗A′µρ
((
∂ρη
A′ν
)
hA
′
µν
−ηA′ν∂[µhA′ν]ρ
)
+ aˆ
(EH−cubic)A′
0
]
− 2ΛA′hA′
}}
+
m∑
A¯=1
{∫
dDx
[
y2A¯
(
h∗A¯η + (D − 2)
(
−V ∗ληA¯λ + V λ∂[µhA¯ µλ]
))
+yA¯3 δ
D
3 εµνρ
(
V ∗µ∂[νη
ρ]
A¯
+ F λµ∂[νh
ρ]
A¯ λ
)
− 2ΛA¯hA¯
]}
, (308)
Sˆ
(II.1)
2 =
n∑
A′=m+1
{
fA′
[
fA′S
(EH−quartic)A′
2 + ΛA′
∫
dDx
(
hA
′µνhA
′
µν
−1
2
(
hA
′
)2)]}
+
m∑
A¯,B¯=1
{∫
dDx
[
y2A¯y2B¯
(D − 2)2
4
(
hA¯hB¯ − hA¯µνhB¯µν
)
+y2A¯y
B¯
3 δ
D
3 (D − 2) εµνρhA¯µλ
(
∂[νh
ρ]λ
B¯
)
+ yA¯3 y3B¯δ
D
3
(
∂[νh
ρ]λ
A¯
)
∂[νh
B¯
ρ]λ
]}
+
1
2
(D − 2) (D − 1)
[
m∑
A¯=1
(y2A¯)
2
]∫
dDx (VµV
µ) (309)
respectively. The third-order deformation results from the equation(
Sˆ
(II.1)
1 , Sˆ
(II.1)
2
)
+ sSˆ
(II.1)
3 = 0. (310)
If we make the notations
S
(EH−Λ)A′
1 ≡
∫
dDx
{
fA′
[
1
2
η∗A
′µηA
′ν∂[µη
A′
ν] + h
∗A′µρ
((
∂ρη
A′ν
)
hA
′
µν
−ηA′ν∂[µhA′ν]ρ
)
+ aˆ
(EH−cubic)A′
0
]
− 2ΛA′hA′
}
, (311)
S
(EH−Λ)A′
2 ≡ fA′
[
fA′S
(EH−quartic)A′
2
+ΛA′
∫
dDx
(
hA
′µνhA
′
µν −
1
2
(
hA
′
)2)]
, (312)
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then we observe that S
(EH−Λ)A′
1 and S
(EH−Λ)A′
2 are nothing but the first- and
second-order components respectively (in the coupling constant) of the solu-
tion to the master equation corresponding to the full Einstein-Hilbert theory
in the presence of a cosmological constant for the graviton A′. Therefore,(
n∑
A′=m+1
S
(EH−Λ)A′
1 ,
n∑
B′=m+1
S
(EH−Λ)B′
2
)
= −s
[
n∑
A′=m+1
S
(EH−Λ)A′
3
]
, (313)
where S
(EH−Λ)A′
3 is the third-order component of the solution to the master
equation associated with the full Einstein-Hilbert theory with a cosmological
term in the graviton sector A′. By direct computation we then infer that
(
Sˆ
(II.1)
1 , Sˆ
(II.1)
2
)
= s
[
4
D − 2
(
m∑
A¯=1
y2A¯y
A¯
3
)(
m∑
B¯=1
y3B¯δ
D
3 h
∗B¯η
)
−
n∑
A′=m+1
S
(EH−Λ)A′
3
]
+
(
m∑
A¯=1
(y2A¯)
2
)
(D − 2) (D − 1)×
×
{
m∑
B¯=1
[∫
dDx
(
(D − 2)
2
y2B¯
(
hB¯η − 2VληB¯λ
)
+y3B¯δ
D
3 εµνρF
µνηB¯ρ
)]}
, (314)
such that the existence of local solutions to equation (310) demands that
(hB¯η − 2VληB¯λ) and εµνρF µνηB¯ρ are s-exact modulo d quantities from local
functions for each B¯ = 1, m. It is easy to show that none of them has this
property, so we must set(
m∑
A¯=1
(y2A¯)
2
)
y2B¯ = 0, B¯ = 1, m, (315)
(
m∑
A¯=1
(y2A¯)
2
)
y3B¯δ
D
3 = 0, B¯ = 1, m. (316)
The solution to these equations,
y2B¯ = 0, B¯ = 1, m, (317)
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solves in addition equation (307). Substituting (317) into (314) and then in
(310) we find the equivalent equation
s
(
Sˆ
(II.1)
3 −
n∑
A′=m+1
S
(EH−Λ)A′
3
)
= 0, (318)
whose solution can be chosen, without loss of generality, of the form
Sˆ
(II.1)
3 =
n∑
A′=m+1
S
(EH−Λ)A′
3 . (319)
We recall that S
(EH−Λ)A′
3 gathers the contributions of order three in the cou-
pling constant from the solution of the master equation corresponding to the
full Einstein-Hilbert action with a cosmological constant for the graviton A′.
Putting together the results expressed by formulas (301), (305), and (317)
we conclude that in subcase II.1 the consistency of the deformed solution to
the master equation requires the conditions
(pA)A=1,n = 0 = (y2A)A=1,n , (fA¯)A¯=1,m = 0, (320)(
y3A′δ
D
3
)
A′=m+1,n
= 0, q1δ
D
3 = 0 = q2δ
D
5 . (321)
The full deformed solution to the master equation Sˆ(II.1) reads as
Sˆ(II.1) = S¯ ′ + kSˆ
(II.1)
1 + k
2Sˆ
(II.1)
2 + k
3Sˆ
(II.1)
3 + · · · , (322)
(with S¯ ′ the solution of the master equation for the free model, (215)) and
it is maximally parameterized by (fA′)A′=m+1,n,
(
y3A¯δ
D
3
)
A¯=1,m
, and the cos-
mological constants (ΛA)A=1,n. Taking into account relations (215), (308),
(309), (319) and notations (311)–(312), we can decompose Sˆ(II.1) as a sum
between two basic parts
Sˆ(II.1) =
(
n∑
A′=m+1
S(EH−Λ)A
′
)
+ Sˆ(special) (323)
that are independent one of the other. The first part decomposes into (n−m)
components that are all series in the constant coupling k
S(EH−Λ)A
′
= S¯ ′A
′
+ kS
(EH−Λ)A′
1 + k
2S
(EH−Λ)A′
2 + k
3S
(EH−Λ)A′
2 + · · · ,
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with
S¯ ′A
′ ≡
∫
dDx
[
L(PF)0
(
hA
′
µν , ∂λh
A′
µν
)
+ h∗A
′µν∂(µη
A′
ν)
]
(324)
and L(PF)0
(
hA
′
µν , ∂λh
A′
µν
)
the Pauli-Fierz Lagrangian for the graviton A′. Each
S(EH−Λ)A
′
represents a copy of the solution to the master equation for the
full Einstein-Hilbert theory with a cosmological constant associated with the
graviton field hA
′
µν (A
′ = m+ 1, n), so they cannot produce couplings among
different gravitons. We emphasize that none of the (n−m) gravitons gets
coupled to the vector field Vµ. Let us analyze in more detail the second part.
It stops at order two in the coupling constant
Sˆ(special) =
m∑
A¯=1
{∫
dDx
[
L(PF)0
(
hA¯µν , ∂λh
A¯
µν
)
− 2kΛA¯hA¯ + h∗Aµν∂(µηAν)
]}
+
∫
dDx
{
−1
4
FµνF
µν + V ∗µ∂µη + k
m∑
A¯=1
[
yA¯3 δ
D
3 ε
µνρ
(
V ∗µ ∂[νη
A¯
ρ]
+Fλµ∂[νh
A¯ λ
ρ]
)]
+ k2
m∑
A¯,B¯=1
[
yA¯3 y
B¯
3 δ
D
3
(
∂[νh
A¯
ρ]λ
)
∂[ν′h
B¯ λ
ρ′] σ
νν′σρρ
′
]
 (325)
and in D = 3 spacetime dimensions seems to mix different spin-two fields
via the terms from the last (double) sum in the right-hand side of (325) with
A¯ 6= B¯.
In order to focus in more detail on (325) we take the limit situation
m = n (so A¯ → A) in the conditions (320)–(321) and work in D = 3, such
that the entire deformed solution to the master equation, Sˆ(II.1), consistent to
all orders in the coupling constant, reduces to (325). We can express Sˆ(special)
in a nicer form by acting in a manner similar to that followed in Section 4.4.2.
Based on the observation that the deformed solution to the master equation
is unique up to addition of s-exact terms, in the sequel we work with
Sˆ(special)
∣∣∣
m=n
D=3
− s
{
2k2
n∑
A,B=1
[∫
d3x yA3 y
B
3
(
h∗AµνhBµν + η
∗AµηBµ
)]}
=
∫
d3x
{
−1
4
FµνF
µν + V ∗µ ∂
µη +
n∑
A=1
[
L(PF)0
(
hAµν , ∂λh
A
µν
)
−2kΛAhA + h∗Aµν∂(µηAν) + kyA3 εµνρ
(
V ∗µ ∂[νη
A
ρ] − Fµν∂[θhA θρ]
)]
63
+2k2
n∑
A,B=1
[
yA3 y
B
3
(
∂[µh
A µ
ρ]
)
∂[νh
B ν
λ] σ
ρλ
]}
. (326)
The part of antighost number zero gives the Lagrangian action of the coupled
model
SˆL(II.1)[hAµν , V
µ] =
∫
d3x
{
−1
4
FµνF
µν +
n∑
A=1
[
L(PF)0
(
hAµν , ∂λh
A
µν
)
−2kΛAhA − kyA3 εµνρFµν∂[θhA θρ]
]
+2k2
n∑
A,B=1
[
yA3 y
B
3
(
∂[µh
A µ
ρ]
)
∂[νh
B ν
λ] σ
ρλ
]}
(327)
and the terms of antighost one provide its gauge symmetries
δ(II.1)ǫ h
A
µν = ∂(µǫ
A
ν), δ
(II.1)
ǫ V
µ = ∂µǫ+ k
n∑
A=1
(
yA3 ε
µνρ∂[νǫ
A
ρ]
)
. (328)
This Lagrangian action can be brought to a simpler form by redefining the
field strength of the vector field as
Fˆ µν = F µν + 2k
n∑
A=1
(
yA3 ε
µνρ∂[θh
A θ
ρ]
)
, (329)
in terms of which
SˆL(II.1)[hAµν , V
µ] =
∫
d3x
[
n∑
A=1
(
L(PF)0
(
hAµν , ∂λh
A
µν
)− 2kΛAhA)− 1
4
FˆµνFˆ
µν
]
.
(330)
The absence of terms of antighost number strictly greater than one indi-
cates that the deformed gauge symmetries (328) are independent and Abelian
(their commutators close everywhere in the space of field histories). We re-
mark that this case corresponds to the situation from Section 4.4.2 (in the
absence of internal Pauli-Fierz indices), where we obtained a result comple-
mentary to the usual couplings prescribed by General Relativity. The gauge
symmetries of the vector field are modified by terms proportional with the
antisymmetric first-order derivatives of the Pauli-Fierz gauge parameters,
while the gravitons keep their original gauge symmetries. The invariance of
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SˆL(II.1) under (328) is ensured by the gauge invariance of the deformed field
strength, δ
(II.1)
ǫ Fˆµν = 0.
Unfortunately, action (330) does not describe in fact cross-couplings be-
tween different spin-two fields. In order to make this observation clear, let us
denote by Y the matrix of elements yA3 y
B
3 . It is simple to see that the rank
of Y is equal to one. By an orthogonal transformation M we can always find
a matrix Yˆ of the form
Yˆ =MTYM, (331)
with MT the transposed of M , such that
Yˆ 11 =
n∑
A=1
(
yA3
)2 ≡ λ2, Yˆ 1A′ = Yˆ B′1 = Yˆ A′B′ = 0, A′, B′ = 2, n.
(332)
If we make the notation
yˆA =MACyC3 , (333)
then relation (332) implies
yˆA = λδA1 . (334)
Now, we make the field redefinition
hAµν =M
AC hˆCµν , (335)
with MAC the elements of M . This transformation of the spin-two fields
leaves
∑n
A=1 L(PF)0
(
hAµν , ∂λh
A
µν
)
invariant and, moreover, based on the above
results, we obtain
n∑
A,B=1
[
yA3 y
B
3
(
∂[µh
A µ
ρ]
)
∂[νh
B ν
λ] σ
ρλ
]
= λ2
(
∂[µhˆ
1 µ
ρ]
)
∂[νhˆ
1 ν
λ] σ
ρλ, (336)
n∑
A=1
(
yA3 ε
µνρFµν∂[θh
A θ
ρ]
)
= λεµνρFµν∂[θhˆ
1 θ
ρ] , (337)
such that (330) becomes
SˆL(II.1)[hˆAµν , V
µ] =
∫
d3x
[
n∑
A=1
(
L(PF)0
(
hˆAµν , ∂λhˆ
A
µν
)
− 2kΛˆAhˆA
)
− 1
4
Fˆ ′µνFˆ
′µν
]
,
(338)
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where
ΛˆA = ΛBM
BA, Fˆ ′µν = F µν + 2kλεµνρ∂[θhˆ
1 θ
ρ] . (339)
Action (338) is invariant under the gauge transformations
δ
(II.1)
ǫˆ hˆ
A
µν = ∂(µǫˆ
A
ν), δ
(II.1)
ǫ V
µ = ∂µǫ+ kλεµνρ∂[ν ǫˆ
1
ρ], (340)
where
ǫˆAµ = ǫ
B
µM
BA. (341)
We observe that action (338) decouples into action (199) (derived in Section
4.4.2) for the first spin-two field (A = 1) and a sum of Pauli-Fierz actions
with cosmological terms for the remaining (n− 1) spin-two fields. In conclu-
sion, we cannot couple different spin-two fields even outside the framework
of General Relativity.
Subcase II.2 Now, we start from conditions (301) and (306), such that the
deformed solution to the master equation is maximally parameterized in this
situation by (fA′)A′=m+1,n,
(
y3A¯δ
D
3
)
A¯=1,m
, (ΛA)A=1,n, q1δ
D
3 , and q2δ
D
5 . With-
out entering unnecessary details, we only mention that this case is similar to
subcase II.1.2 in the absence of Pauli-Fierz internal indices, briefly discussed
in the final part of Section 4.3.2. The consistency of the deformed solution
to the master equation goes on unobstructed up to order five in the coupling
constant, where the existence of a local Sˆ
(II.1.2)
5 requires a condition of the
type y33q
2
1 = 0, namely
q21
(
m∑
A¯=1
(y3A¯)
2
)
y3B¯δ
D
3 = 0, B¯ = 1, m. (342)
There are two main possibilities, none of them leading to cross-couplings
between different spin-two fields. Thus, if we take D 6= 3, then no cou-
plings among different gravitons are allowed since the Lagrangian of the
interacting model is a sum of independent Einstein-Hilbert Lagrangians with
cosmological terms for the last (n−m) gravitons (none of them coupled to
the vector field), a sum of Pauli-Fierz Lagrangians plus simple cosmological
terms −2kΛA¯hA¯ for the firstm gravitons and the Maxwell Lagrangian supple-
mented by the generalized Abelian Chern-Simons density kq2δ
D
5 ε
µνλαβVµFνλFαβ.
IfD = 3, then either q1 = 0, in which situation we re-obtain the case from the
previous section, described by formula (323), where we have shown that there
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are no cross-couplings between different gravitons, or (y3A¯)A¯=1,m = 0, such
that again no cross-couplings are permitted and the resulting Lagrangian
is like in the above for D 6= 3 (after formula (342)) up to replacing the
density kq2δ
D
5 ε
µνλαβVµFνλFαβ with the standard Abelian Chern-Simons term
kq1ε
µνλVµFνλ.
6 Generalization to an arbitrary p-form
The results obtained so far in the presence of a massless vector field can be
generalized to the case of deformations for one or several gravitons and an
arbitrary p-form gauge field.
In the case of a single graviton the starting point is the sum between
the Pauli-Fierz action and the Lagrangian action of an Abelian p-form with
p > 1
SL0 [hµν , Vµ1...µp ] =
∫
dDx
(
L(PF)0 −
1
2 · (p+ 1)!Fµ1...µp+1F
µ1...µp+1
)
, (343)
in D ≥ p+1 spacetime dimensions, with Fµ1...µp+1 the Abelian field strength
of the p-form gauge field Vµ1...µp
Fµ1...µp+1 = ∂[µ1Vµ2...µp+1]. (344)
This action is known to be invariant under the gauge transformations
δǫhµν = ∂(µǫν), δǫVµ1...µp = ∂[µ1ǫ
(p)
µ2...µp]
. (345)
Unlike the Maxwell field (p = 1), the gauge transformations of the p-form
for p > 1 are off-shell reducible of order (p− 1). This property has strong
implications at the level of the BRST complex and of the BRST cohomology
in the form sector: a whole tower of ghosts of ghosts and of antifields will
be required in order to incorporate the reducibility, only the ghost of max-
imum pure ghost number, p, will enter H (γ), and the local characteristic
cohomology will be richer in the sense that (33) and (35) become [31]
HJ (δ|d) = 0 = H invJ (δ|d) , J > p+ 1. (346)
In spite of these new cohomological ingredients, which complicate the anal-
ysis of deformations, the results from Sections 4.4.1 and 4.4.2 can still be
generalized.
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Thus, two complementary cases are revealed. One describes the stan-
dard graviton-p-form interactions from General Relativity and leads to a La-
grangian action similar to (195) up to replacing (1/4) gµνgρλF¯µρF¯νλ with the
expression (2 · (p+ 1)!)−1 gµ1ν1 · · · gµp+1νp+1F¯µ1...µp+1F¯ν1...νp+1 and, if p is odd,
also the terms containing δD3 ε
µ1µ2µ3 and δD5 ε
µ1µ2µ3µ4µ5 with some densities in-
volving δD2p+1ε
µ1...µ2p+1 and δD3p+2ε
µ1...µ3p+2 respectively (if p is even, the terms
proportional with either q1 or q2 must be suppressed). The other case em-
phasizes that it is possible to construct some new deformations in D = p+2,
describing a spin two-field coupled to a p-form and having (343) and (345)
as a free limit, which are consistent to all orders in the coupling constant and
are not subject to the rules of General Relativity. Their source is a gener-
alization of the terms proportional with y3 from the first-order deformation
(71)
S
(int)
1 (y3) = y3εµ1...µpνρ
∫
dp+2x
(
V ∗µ1...µp∂[νηρ] +
1
p!
F λµ1...µp∂[νh
ρ]
λ
)
.
(347)
Performing the necessary computations, we find the Lagrangian action
SL[hµν , Vµ1...µp ] =
∫
dp+2x
(
L(PF)0 − 2kΛh
− 1
2 · (p+ 1)!F
′
µ1...µp+1
F ′µ1...µp+1
)
, (348)
where the field strength of the p-form is deformed as
F ′µ1...µp+1 = Fµ1...µp+1 + 2 (−)p+1 ky3εµ1...µp+1ρ∂[θhρ]θ. (349)
This action is fully invariant under the original Pauli-Fierz gauge transfor-
mations and
δ¯ǫVµ1...µp = ∂[µ1ǫ
(p)
µ2...µp]
+ ky3εµ1...µpνρ∂
[νǫρ]. (350)
The gauge algebra remains Abelian and the reducibility of (350) is not af-
fected by these couplings: the associated functions and relations are the
initial ones.
It is important to notice that all the standard hypotheses imposed to con-
sistent deformations are fulfilled. Indeed, in the free limit (k = 0) the field
strength (349) is restored to its original form (344), the cosmological term
−2kΛh is destroyed, and the Pauli-Fierz gauge parameters ǫρ are discarded
from the gauge transformations δ¯ǫVµ1...µp , leaving us with the original action
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(343) and initial gauge transformations (345). Also, the spacetime local-
ity, Lorentz covariance, and Poincare´ invariance of action (348) are obvious.
Likewise, the smoothness of the deformed theory in the coupling constant is
ensured by the polynomial behaviour of (348) and (350) with respect to k:
the action is a polynomial of order two and the gauge transformations are
polynomials of order one. Furthermore, the differential order of the coupled
field equations is preserved with respect to that of the free equations (deriva-
tive order assumption), being equal to two, as it can be observed from the
concrete form of the Euler-Lagrange derivatives of action (348)
δSL[hµν , Vµ1...µp ]
δhµν
=
δSL0 [hµν , Vµ1...µp ]
δhµν
− 2kΛσµν
− ky3
(p+ 1)!
[
(−)p εµ1...µp+1(µ∂ν)F ′µ1...µp+1
+2σµνεµ1...µp+2∂µ1F
′
µ2...µp+2
]
≡ hµν + (1 + 4k2y23) ∂µ∂νh− (1 + 2k2y23) ∂(µ∂θhν)θ
+
(
1 + 4k2y23
)
σµν
(
∂ρ∂θh
ρθ −h) − 2kΛσµν
+ (−)p+1 ky3
(p+ 1)!
εµ1...µp+1(µ∂ν)Fµ1...µp+1, (351)
δSL[hµν , Vµ1...µp ]
δVµ1...µp
=
1
p!
∂νF
′νµ1...µp
=
δSL0 [hµν , Vµ1...µp ]
δVµ1...µp
− ky3
p!
εµ1...µpνρ∂[ν∂
θhρ]θ
≡ 1
p!
(
∂νF
νµ1...µp − ky3εµ1...µpνρ∂[ν∂θhρ]θ
)
. (352)
It is truly remarkable that these new couplings comply with the derivative
order assumption.
Let us analyze the main physical consequences of these new couplings.
First, we investigate some direct outcomes of the field equations, obtained
by equating (351) and (352) to zero. By taking the trace of the field equations
for the graviton, σµνδS
L/δhµν = 0, we infer the equivalent equation
K =
2kΛ (p + 2)
p+ (p+ 1) 4k2y23
, (353)
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where K is the linearized scalar curvature, K = ∂ρ∂θh
ρθ − h. Due to the
presence of the cosmological constant, the linearized scalar curvature is a
non-vanishing constant. The field equation of the p-form, δSL/δVµ1...µp = 0,
is nothing but a nontrivial conservation law of order (p+ 1), ∂νF
′νµ1...µp = 0,
where the associated current is precisely the deformed field strength (349).
It is not a usual conservation law because it results from some rigid sym-
metries of the solution to the master equation for the coupled theory. The
main difference between the free theory (343) and the coupled one is that the
(p+ 1)-order conservation law of the latter contains a nontrivial component
from the Pauli-Fierz sector, 2 (−)p+1 ky3ενµ1...µpρ∂[θh θρ] . Another interesting
observation is that, unlike the free limit (343), the field equations of the cou-
pled model admit to be written in a compact form. Indeed, it can be shown
that both field equations, δSL/δhµν = 0 and δS
L/δVµ1...µp = 0, are completely
equivalent with the following expression of the first-order derivatives of the
Abelian field strength (344)
∂νFµ1...µp+1 =
(−)p
2
εµ1...µp+1ρ
{
2ky3∂
[ν∂θh
ρ]θ +
1
ky3
[2kΛσνρ −hνρ
− (1 + 4k2y23) ∂ν∂ρh + (1 + 2k2y23) ∂(ν∂θhρ)θ
− (1 + 4k2y23)σνρ (∂λ∂θhλθ −h)]} . (354)
The direct as well as the converse implication results from simple algebraic
manipulations of the coupled field equations or respectively of (354) and also
by means of the identity
εµνµ1...µp∂ρFρµ1...µp =
(−)p+1
p+ 1
εµ1...µp+1[µ∂ν]Fµ1...µp+1 , (355)
valid in D = p+ 2.
Regarding a collection of spin-two fields and a p-form, it can be used
a line similar to that employed in Section 5. Thus, it can be shown that
two complementary cases are again unfolded. One is similar to the situation
discussed in Section 5.2.1 and the other with the result from Section 5.2.2.
In both cases there are no cross-couplings among different spin-two fields
intermediated by a p-form gauge field: the p-form couples to a single spin-
two field.
70
7 Conclusion
To conclude with, in this paper we have investigated the couplings between
a single spin-two field or a collection of such fields (described in the free
limit by a sum of Pauli-Fierz actions) and a massless p-form using the pow-
erful setting based on local BRST cohomology. Under the hypotheses of
locality, smoothness in the coupling constant, Poincare´ invariance, Lorentz
covariance, and preservation of the number of derivatives on each field (plus
positivity of the metric in the internal space in the case of a collection of
spin-two fields), we found two complementary situations. One submits to
the well-known prescriptions of General Relativity, but the other situation
discloses some new type of couplings in (p+ 2) spacetime dimensions, which
only modify the gauge symmetries of the p-form. It is remarkable that these
(p+ 2)-dimensional cross-couplings comply with the derivative order assump-
tion, unlike other situations from the literature. Unfortunately, in the case
of a collection of spin-two fields none of these coupled theories allows for
(indirect) cross-couplings between different gravitons.
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